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ABSTRACT 



In this thesis the relation between certain models of non-Riemannian grav- 
ity and Levi-Civita theories are investigated; in particular the simplification 
which occurs in the field equations which are obtained from a variational 
principle. This relation was originally discovered by Tucker, Wang and oth- 
ers [25,26] who considered either the case of a 4-dimensional space time or 
the more general case of a n-dimensional spacetime with the help of the pro- 
gram Maple [1] and limited their analysis to the Einstein-Proca case. 
So far a proof by hand valid for an n-dimensional spacetime has not been 
presented. 

In this thesis a step by step proof is presented of the remarkable property of 
simplification in the field equations. To obtain this proof we use a systematic 
study of some elementary but relevant solutions of the Cartan equation for 
the non-Riemannian part of the connection. These solutions will be used to 
calculate the terms which appear in the generalised field equations. 
The improved insight obtained by this proof is then used to extend the result 
to other gravity theories like some models with scalar fields. We apply this 
theorem for obtaining some exact new solutions, in particular a new class 
of non-Riemannian black-hole solutions with Dilaton fields. We briefly dis- 
cuss the relation with the no-hair theorem in appendix A, in there we briefly 
discuss why the no-hair theorem cannot be extended to non-Riemannian 
gravity. 
Then we move to another interesting problem in non-Riemannian gravity; 
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the possible modification of Maxwell theory in non-Riemannian gravity. We 
follow Hehl and others [36] to show that if we start from the axioms of con- 
servation, only the constitutive law has to be modified. Using the results of 
chapter 2 and 3 we show with two examples how the study of the modified 
Maxwell theory can be obtained in the non-Riemannian case. 
In appendix B we obtain the expression of the autoparallels for a certain 
class of non-Riemannian models of gravitation. 



CHAPTER 1 



1 INTRODUCTION 

Einstein's theory of gravity which was formulated more than eighty years 
ago provides an elegant and powerful formulation of gravitation in terms of 
a pseudo-Riemannian geometry. Einstein's equations are obtained by con- 
sidering variations with respect to the metric of the integral of the curvature 
scalar associated with the Levi-Civita connection, with respect to the vol- 
ume form of the spacetime. Einstein assumed that the connection was metric 
compatible and torsion free; a position which is natural but not always con- 
venient. A number of developments in physics recently have suggested the 
possibility that the treatment of spacetime might involve more than just a 
Riemannian spacetime for example: 

1] The vain effort to quantise gravity is perhaps so far a strong piece of 
evidence for going beyond a geometry which is dominated by the classical 
concept of distance. 

2] The generalisation of the theory of elastic continua with structure to 4- 
dimensional spacetime suggests, physical interpretations of the non- Riemannian 
structures which emerge in the theory [45,46]. 

3] The description of Hadron (or nuclear) matter in terms of extended struc- 



tures [47,48]. 

4] The study of the early universe, in particular singularity theorems, the 
problem of the unification of interactions and the related problem of com- 
pactification of dimensions, models of inflation with dilaton-induced Weyl 
covector [49]. 

Moreover at the level of the so called string theories there are hints [2-5] 
that by using non-Riemannian geometry we may accommodate the several 
degrees of freedom coming from the low energy limit of string interactions in 
terms of a non metric compatible connection with torsion. It is interesting 
to observe that since string theories are expected to produce effects which 
are at least in principle testable at low energies, there may be chances to ob- 
tain non-Riemannian models with predictions which can somehow be tested, 
moreover some models may have some effects on astronomical scales [6-16]. 
For instance, recently models have been proposed that permit us to account 
for the so called dark matter by invoking non-Riemannian gravitational in- 
teractions [17]. There are several approaches to non-Riemannian gravity, 
perhaps one of the most popular is the one which uses the gauge approach 
[18-21]. 

Soon after Einstein proposed his gravitational theory, Weyl found an exten- 
sion to it, to include electromagnetism in a unified way [50]. Weyl's theoret- 
ical concept was the so called gauge invariance of length. For that purpose, 
Weyl extended the geometry of spacetime from the Levi-Civita connection 
to a Weyl space with an additional covector Q = Q a e a where e a denotes the 
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field of coframes of the four- dimensional manifold. 
The Weyl connection 1-forms reads: 

I 

r a/3 — ^a/3 + -(da^Q — &aQf3 + ^pQa) 

The Weyl form is related to the so called non-metricity of the spacetime. If 
we write the interval in the form: 

ds 2 = g [iV dx ii dx v 

The square length of a generic vector V can be written as: 

V 2 = g llv V' i V v = g{V,V) 

where g is the (2,0) symmetric tensor defined by: 

9 = g^v e^ <g> e u 

We find that the covariant derivative of V 2 with respect to a generic vector 
X gives: 

V X V 2 = (V x g)(V,V) = Q ab (X)V a V b 

where Q a b(X) = (Vxg)(X a ,Xb), Q a a = Q and we supposed that V xV = 0. 

If a spacetime has a nonmetricity then if we parallel transport a vector along 

a curve whose tangent vector is X, the length changes. 

In Weyl's theory the field Q is identified with the electromagnetic potential 

A [50]. 

Subsequently it was found that Weyl's theory is not viable. However the 

concept of gauge invariance survived. In particular the concept of local gauge 
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invariance flourished in the field of theoretical particle physics. Suppose we 
have a wave function describing a particle in quantum mechanics then we 
may postulate the invariance of the theory under the U(l) invariance group: 

with a(x) function of spacetime. 

Using this approach we can construct the whole classical Dirac-Maxwell the- 
ory, indeed we can get the electromagnetic interaction by the requirement of 
the local invariance under the U(l) gauge group. 

Yang and Mills, in 1954 generalised the abelian U(l) gauge invariance to 
non-Abelian SU(2)-gdMge invariance using the approximately conserved iso- 
topic spin current as starting point. 

In any case it is interesting to observe that the gauge principle originated 
from General Relativity. 

Nowadays the notion of gauge symmetry is one of the cornerstones of theoret- 
ical physics, the three non-gravitational interactions are described by means 
of gauge theories in the framework of the standard model. 
Thanks to the works of Utiyama, Sciama and Kibble [21,51,52] it was real- 
ized that also gravitation can be formulated as a gauge theory. The gauge 
group being in that case the Poincare' group that is the semidirect group of 
the translations and the Lorentz group. 

More recently a quite general gauge theory has been formulated which in- 
cludes General Relativity as a particular case; in the latter case the gauge 
group is the so called affine group resulting from the semidirect product of 
the translations and the general linear group GL(n, R). This theory is called 
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Metric Affine Gravity [18], in general these theories allow for the introduc- 
tion of a general non-Riemannian connection. 

Though it is possible to treat gravity using the gauge approach, it is neces- 
sary to remember that in the case of gravity contrary to the case of strong 
and electroweak interactions we are considering an external symmetry group 
i.e. acting on the spacetime. So a procedure is necessary to mediate the 
transition from the internal structure which is proper of any gauge formula- 
tion and external structures and to project geometric gauge structures on the 
base manifold to induce gravity. It seems to be unclear how this procedure 
applied to any affine frames takes place. This issue is somehow similar to the 
compactification of higher-dimensional supergravity or string theories. 
Recently a different approach has been proposed [22-24] based on the metric 
g and the connection V as independent variables. Instead of working with 
the group GL(4, R) (the general linear group), they rely on the definition of 
torsion and non-metricity in terms of g and V. 

The study of non-Riemannian theories of gravitation is in general quite com- 
plicate and a powerful formalism is needed to simplify the calculations. In 
order to obtain that, the frame independent approach to differential geome- 
try seems quite appropriate. 

In chapter 2 we introduce the formalism of non-Riemannian geometry using 
modern differential geometry, starting from the definitions of non-metricity 
and torsion tensors in terms of V and g respectively. 

In chapter 3 we describe the variational techniques using a tensorial approach. 
This approach has several advantages, indeed we do not need to consider par- 
ticular reference systems or co-frames and the results are unambiguous and 
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easy to apply, bearing in mind that whenever requested, transition to the 
more traditional component manipulation is possible, taking into account 
the fact that since the theory is non-metric, raising and lowering of indices 
must be done with care. In the last paragraph some particular solutions of 
the Cartan equation are obtained and classified. This classification will be 
necessary for the following chapters. 

In chapter 4 we investigate the relation of non-Riemannian theories with gen- 
eral relativity. It has been observed few years ago that the field equations 
for certain non-Riemannian theories of gravitation can be dramatically sim- 
plified but so far an explicit proof has not been given especially for the n 
dimensional case. In several steps we give a proof by hand valid for any n 
of the relation with Einstein-Proca systems, then we extend the proof to a 
class of Dilaton gravity theories. The proof is obtained using the systematic 
study of the particular solutions of the Cartan equation presented in section 
3.3. This proof clarifies and generalises what previously found by Tucker, 
Wang and others [22-26]. 

In chapter 5 we apply this theorem to exhibit some simple but new solu- 
tions of non-Riemannian gravity, we consider first the axially symmetric but 
static Melvin solution, then we consider the time dependent Rosen solution, 
then we move to the discussion of the possible black-hole solutions in non- 
Riemannian gravity. By importing results from general Dilaton theories of 
gravity we are able to exhibit a new class of non-Riemannian black-hole solu- 
tions with Dilaton fields. In appendix A we present some material regarding 
the no-hair theorem with scalar fields. The simple proof of the theorem which 
uses a conformal mapping between the Penney solution [27] and a general 
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action in scalar theory of gravity is presented. 

In appendix B we obtain the expression for the autoparallels in non-Riemannian 
gravity and then we discuss the form they assume for 'Proca-type' theories. 
In the last chapter we discuss the problem of introducing modifications to 
the electromagnetic theory. It has been claimed that Maxwell theory may 
be modified if non-Riemannian connections are present. Following Hehl and 
others, if we start from the postulates of magnetic and electric charges con- 
servation, only the constitutive law containing the metric may be modified. 
The conclusion is that the only way to modify the Maxwell theory is to intro- 
duce a term in the action dependent on the torsion and non-metricity whose 
variation gives a contribution to the usual law d*F — 0. Using the results of 
chapter 2 and 3 we present examples of modifications to the constitutive law. 
In the first case we add the term -k(T a A e a ) A F A A to the action density. In 
this case we relate the modification of the constitutive law to the torsion of 
the spacetime. Then we consider the effect of the term (F A F) * (Q A *Q), 
we get the field equations, and we solve for the non-metricity and torsion. 
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CHAPTER 2 



2 NON-RIEMANNIAN GEOMETRY 

In this chapter a brief introduction is given of the non-Riemannian geometry 
in the frame independent approach. 

The formalism we will be using takes into account the fact in general we 
will consider non-metric theories, that is theories in which the metric is not 
regarded any longer as covariantly constant. It is clear that we need to use 
a formalism which makes use of as less number of indices as possible, this 
is obtained by formulating the non-Riemannian geometry in the frame in- 
dependent approach; some important definitions which are used throughout 
this thesis are collected in Appendix C. 

One of the fundamental concepts in differential geometry is of Parallel Trans- 
port. To define parallel transport we need to introduce a linear connection, 
a type preserving derivation on the algebra of tensors fields commuting with 
contractions. We will denote such a connection by V . We can specify the 
most general linear connection by calculating its effects on an arbitrary local 
basis of vector fields X a 

V Xa X b = A c b (X a )X c (1) 

where A a b are a set of n 2 1-forms, and n is the dimension of the manifold. 
It is possible to specify a general connection by giving a (2,0) metric sym- 
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metric tensor g, a (2,1) tensor T defined by: 

T(X, Y) = V X Y - V Y X - [X, Y] (2) 

with X, Y vector fields and S a (3,0) tensor symmetric in the last two ar- 
guments . T is the torsion associated with V and S is taken to be the 
metric gradient, S = Vg. Then it is possible to calculate the connection as 
a function of g, S, T, indeed by using the relation: 

X(g(Y, Z)) = S(X, Y, Z) + g(V x Y, Z) + g(Y, V X Z) (3) 

we obtain 

2g(Z, V X Y) = X(g(Y, Z)) + Y(g(Z, X)) - Z(g(X, Y)) - g(X, [Y, Z\) (4) 
-g(y, [X, Z\) - g(Z, [Y, X]) - g(X, T(Y, Z)) - g(F, T(X, Z)) - 
g(Z, T(Y, X)) - S(X, Y, Z) - S(Y, Z, X) + S(Z, X, Y) 

where X, Y, Z are any vector fields. 

We define the general curvature operator as: 

R XX Z = V X V Y Z-V Y V X Z-V [XX] Z (5) 

which is a type preserving tensor derivation on the algebra of tensor fields. 
The (3,1) curvature tensor is defined by: 

R(X,Y,Z,P) = P(R XtY Z) (6) 

with (3 an arbitrary 1-form. We can introduce the following set of local 
curvature 2-forms R a t,: 

R a b (X,Y) = ^R(X,Y,X b ,e a ) (7) 
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where e a is any local basis of 1-forms dual to X c . We have e a (X b ) = 5 a b or 
by using the contraction operator with respect to X, ix b {e a ) — e a {X b ) = S a b . 
In terms of the connections forms we can write: 

R a b = dA a b + A a c AA c b (8) 

In a similar manner, the torsion tensor gives rise to a set of local 2-forms T a : 

T a (X,Y) = ^(e a (T(X,Y)) (9) 

which can be written: 

T a = de a + A a b A e b (10) 

By using the symmetry of the tensor g, the tensor S can be used to define 
the local non-metricity 1-forms Q ab symmetric in their indices: 

Q ab (Z) = S(Z,X a ,X b ) (11) 

It is convenient very often to make use of the exterior covariant derivative 
D, for its definition see appendix C or Ref. [44]. 
With g ab = g(X a , X b ) we get that: 

Qab = Dg ab (12) 

Q ab = -Dg ab 

As usual indices are raised and lowered with components of the metric in a 
certain local basis. We denote the metric trace of these forms as: 

Q = Q\ (13) 



We call Q the Weyl 1-form. 

In Riemannian geometry we require that the connection be metric compatible 

(Qab = 0, or equivalently S = 0) and T = 0. 

A geometry with a torsion-free connection that preserves a conformal metric 

is known as a Weyl space [28]. 

We can decompose the connection V into parts that depend on the Levi- 

o 

Civita connection V- To this aim we introduce the tensor A 

X(X, Y, (3) = (3(V X Y) - (3{V X Y) (14) 

for arbitrary vector fields X, Y and 1-form (3. 

To the decomposition above corresponds a splitting of the connection 1-forms 

into its Riemannian and non-Riemannian parts Q a b and X a b respectively as: 

A\ = Q\ + X\ (15) 

where 

\ a b = \(-,X b ,e a ) (16) 

In terms of these forms we get: 

T a = X a c A e c (17) 

Qab = —(X a b + Xba) 

Using relation (11) and (17) we get Q ab = S(-,X a ,X b ) = -{X ab + X ba ), then 
we get: 

S = <-► X ab = -X ba (18) 

That is the metric compatibility requires X ab = —X ba . 
We define the 1-form T by: 

T = i a T a (19) 
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With i a = %x a - We have the following relation: 

e c A *T C = - * T (20) 

where use has been made of the property *(A Ae") = i a * A with A a generic 
form and * indicates the Hodge operation associated with the metric g (see 
appendix C). 

Since a general connection is neither symmetric nor antisymmetric particu- 
lar care has to be taken when writing the indices because in general X a b is 
different from X b a . 
Observe that a Riemannian connection fi a b being torsion free implies: 

de a + n a b Ae b = (21) 

It follows from relation (4) that: 

2fU = (g ac ib - 9bci a + e c i a i b )de c + (i b dg ac - i a dg bc )e c + dg ab (22) 

and 

2A ab = i a T b - i b T a - (i a i b T c + i b Q ac - i a Qbc)e c - Q a b (23) 

The field equations of the Einstein theory are obtained as variational equa- 
tions deduced from the Einstein-Hilbert action, this being the integral of the 
curvature scalar of the Levi-Civita connection with respect to the volume 
form. 

The scalar curvature is obtained by contracting the Ricci-tensor which is the 
trace of the curvature tensor. 
In the following we will consider two types of tensors: 

Ric(X,Y) = e a (R XaX Y) (24) 
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and 



We have: 



ric(X,Y) = e a (R XY X a ) (25) 



Ric cfe — R ac b a (26) 

ric cfe = R c b a a 

Where: 

Rad, = R(X a ,X c ,X b , e ) (27) 

the first one has no symmetry in general while ric is a two form which can 
be shown to be: 

ric = 2R a a = -dQ (28) 

Indeed from relation (15,22,23) we get: 

2A = 2A a a = -Q (29) 

and from relations (6,7) and (25) we get: 

ric = 2R a a = 2dA = -dQ (30) 

Since A a c A A c a = -A c a A A a c = 0. 

In the Riemannian case ric = , and Ric(X, Y) goes into the usual Ricci 
tensor which is symmetric in the two arguments, this being due to the fact 
non-metricity is zero, moreover the Riemannian curvature tensor satisfies the 
antisymmetry property. 

Rabc = —Rabd (31) 
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The symmetric part of Ric can be contracted with the metric tensor to obtain 
a generalised curvature: 

R = Ric(X a , X h )g(X a , X h ) = Ric(X a , X a ) (32) 

It is possible to obtain the expression for the general Ric(X, Y) as: 

Ric(X a , X h ) = R°ic(X a , X h ) + i a i c {D\ c h + X c d A \ d b ) (33) 

o 

where D is the covariant exterior derivative with respect to the Levi Civita 
connection Q a b and 

R = R + i a ic{D\ ca + \ c d A \ da ) (34) 

If we define the Ricci 1-forms by: 

P b = i a R\ (35) 

hence 

P a = Ric(X 6 , X a )e h (36) 

and 

R = i b P b = i\R\ (37) 

observe that the general curvature tensor can be written as: 

R = 2R d c ®e c ®X d (38) 
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CHAPTER 3 



3 TENSORIAL VARIATIONAL METHODS 

A powerful way to get the field equations of a non-Riemannian theory is to 
start from a variational principle. Since we are using the frame independent 
approach, we will use that approach in calculating variations too. 
In this chapter we consider the equations obtained by local extrema of action 
functionals defined by the vanishing of variations of g and uj with compact 
support : 

S = S[e,u,...] = f A(e,uj) (39) 

where e indicate the coframe and u indicates the connection, A is an ra-form, 
with n the dimension of the manifold M. 

If we consider the variations with respect to the coframe and the connection 
we write: 



S U S = J <LA (40) 

S e S= [s e A 



and demand: 



5^S = (41) 

5 P S = 



23 



or mod d: 

S U A = (42) 

S e A = 

The variational derivative of a tensor W with respect to a generic variable 
F is indicated by W or by 5fW. 

F 

The variational differentiation of the independent variables like e and ui will 
be indicated either by e, Co or by 5e c and Su. 

The variational differentiation is a type preserving derivation that commutes 
with contractions and exterior differentiations. 

In the following after reviewing the so called Divergence conditions, we show 
how to get the field equations for the generalised Einstein-Hilbert action and 
then we obtain the Cartan equation for the non-Riemannian part of the con- 
nection, and classify some of its solutions. 



3.1 Divergence Conditions 

We start with a theory obtained from an action rz-form which can be written 
as a sum of n- forms J2 r A r ; then in general we find a set of symmetric second 
degree tensors t s which satisfies the condition: 

V .r, = (43) 
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In terms of the Levi-Civita connections V- 

The result relies on the behaviour of the action functional S under the effect 

of some local diffeomorphisms of the manifold M. 

We write: 

S= I A = W A r (44) 

JM r JM 

where A is constructed in terms of the metric tensor g, and other tensor fields 

(0i, <p2, 03, ••••)• For any local diffeomorphism on M generated by a vector 
field V we have: 

/ L v A r = [ d(i v A r ) = [ i v A r = (45) 

JM JM JdM 

Since the Lie derivative Ly = iyd + diy and dA r = and all fields in A r are 
assumed to have compact support. 

If we consider the variations with respect to the different fields (0i, 02, 03, ...) 
which appear in A we get the equations of motion for (01,02,03, •••) (mod 
d), F^ h = where F^ are defined by: 

A^ = 4> k F^ k (46) 

In an arbitrary local frame X a with dual co-frame e b such that e b (X c ) = 8 b , 
we can define the symmetric stress tensor, r r = r rab e a ® e b . 
By performing the variation with respect to g we get (mod d): 

A > =-g(X a ,X b )r? b *l (47) 

9 
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When the variation is generated by a local diffeomorphism on M by a vector 
field V then A r = Lyh r . and we can write: 

L V K = -(L v g)(X a , X b )r r ab * 1 (48) 

(LvtjFfr + {L v <p 2 )F^ + 

then the set (F^ k ) is a set of variational equations, if these are satisfied then 
by using the relation: 

(L vg )(X a , X h ) = i a Vx b V + % Vx a V (49) 

where V = g(V, — ) and using the symmetry of g, it is possible to write: 
1 



, L V K = - / r?l a Vx b V * 1 (50) 

l JM JM 

We can introduce the (n — 1) forms J r y by: 

JrV=*T r (V : -) (51) 

Now 

(i(J rF ) = (i(r mfe y a ^e 6 ) (52) 

The previous expression can be written in the form 

( V .r r ) (V) * 1 + rfi a Vx b V * 1 (53) 

where 

V.r r = (Vx a r r )pr,-) (54) 

If we consider fields with compact support then: 

\ f L v A r = - f r?i a Vx b V*l= (55) 

Z JM JM 



- I d(J rV )+ f (v.r r )(y)*l = 

JM JM 

-/ JrV+ I (V.T r )(V)*l 

JdM JM 



IdM JM 
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We have Jy = on dM and V arbitrary so: 

V .T r = (56) 

Relation (56) does not represent any "conservation law" . Conservation laws 
require something stronger, for example, if a vector k exists (Killing vector) 
such that Lkg = we obtain from (55) that 

dJ rk = (57) 

and J r k defines a genuine conserved current. 



3.2 Variations of the Generalised 
Einstein-Hilbert Action 

A general non-Riemannian geometry is specified when we give a metric g 
and a general connection V. 

In a local coframe e a with dual frame X b such that e a (X b ) = d a b , the con- 
nection forms satisfy (A a b = uj a b)'- 

u c h {X a ) = e c (V Xa X b ) (58) 

In the following we use ortho normal frames so that: 

g = r, ab e a <g> e b (59) 

with rj ab = diag(-l, 1, 1, 1, ....)■ 

It is important to observe that the position (59) permits to transfer the 
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functional dependence on the metric g to the coframe e a . 
We consider an action written in the form: 



S[e,to] = i A(e,u) (60) 

for some n-form A. 

The field equations of the theory follow from (mod d): 

A =0 (61) 

e 

The general curvature scalar is: 

R = l b laR\ (62) 

The generalised Einstein-Hilbert action density A EH — R*l, can be written: 
A EH = R * 1 = (A a i? a 6 ) • 1 = R a b A *(e a A e b ) (63) 

From the definition of curvature two forms it follows that: 

R*l = ( du\ + u a c A u c b ) A *(e a A e b ) (64) 

We can write: 

d(cu a b A *(e a A e 6 )) = dw° 6 A *(e a A e b ) - u a b A d(*(e a A e 6 )) (65) 
so that: 

Am = Cj\ A d • (e a A e 6 ) + ( cu a c A i^ ) A *(e a A e 6 ) (66) 
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+d(uj a b A *(e a A e b )) = (io a c A u c b - u c b A u a c ) A *(e a A e b ) 
+iu a b Ad-k(e a A e b ) + d(u a b A *(e a A e b )) = io a b A a; 6 c A *(e a A e c ) 
-cj a 6 A w c a A *(e c A e b ) + io a b Ad-k (e a A e 6 ) + d(u a b A *(e a A e h )) 

= u a b AD* (e a A e 6 ) + d(w a 6 A *(e a A e b )) 

D being the exterior covariant derivative. 
Since u a b has compact support: 

j Keh = ju\AD*(e a Ae b ) (67) 

The coframe variation gives: 

Aeh = R\ A *(e a A e^ = (68) 

e e 

R a b A *(e a A e 6 ) = Se c A R a b * (e a A e b A e c ) 

N ^ ' 

e 

because R a b is a coframe independent object. 
We can write: 

AEH = Se c A G c (69) 

e 

where the Einstein 3-forms are: 

G c = R\ A *(e a A e 6 A e c ) (70) 

We have for any coframe independent p forms a and /3: 

aA-k(3 = -e c A [i c /3 A*a- {-l) p a Ai c *0\ (71) 
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this may be proved as follows: if we write the generic p-form (3 as: 

(3 = /3 ai ,a 2 , ap e aia *- a > (72) 

from the fact (3 is frame independent we get: 

-S e (Pa U a 2 , Je' 1 **""- + Pa U a 2 , a^ 1 A e«-^) = (73) 

we have: 

8 e (*P) = <y e (A, ll02 , a p ^e aia2 -^) (74) 



so 



aA^ = a A <y(/3 ai)fl2i ap * e aia '"" a ') (75) 

e 

= a A «J e (/? aii0a , J * e ai ° 2 -^ + a A /? ai , a2 , a /(*e aia2 -^) 

= &(&!,«, Je 0102 "" * A *a + (-l) p 5e c A a A /3 ai , a2 , flp * ( e <^.... %) 

= -pPaum, a^ 1 A e a2 -- a " A *a + (-l) p 5e c AaA« c */3 

= -5e c A [i c /3 A *a - (-l) p a Ai c *0\ 

where use has been made of the property a A */3 = /3 A *a in the third line 
and of (73) in the 4th line. 

From expression (71) we can get a relation which relates the scalar curvature 
to the stress forms. To obtain this relation consider the fact that if a and (3 
are frame dependent then we have to add to (71) the coframe variation of a 
and P, let us define Ar c by: 

5e c A Ar c = a A^ + aA* /3 (76) 
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Consider an action of the form: 

A = kR*l + J2bk(a k A*Pk) (77) 

k 

where a k and (3 k are generic p^-forms and b k are constants. 
The coframe variation of (77) gives the equations: 

kR a b Ai c i b i a *l-J2h[tAA*a k -(-l) Pk a k Ai c *f3 k } + J2&T c lk} = (78) 
k k 

where Ar c [/c] is the extra term in the stress forms coming from the generic 

term b k (a k A*/3 k ). 

If we consider the wedge product of (78) with e c we get: 



\ra+l. 



n-2)R*l + (-l) n J2[(2Pk-n)b k (a k A*[3 k )+J2(&T c [k])Ae c = (79) 
k k 



Consider now a situation in which we have an action density of the form: 

A EH + F(e,u) (80) 

The connection variation gives the equation: 

D*(e a Ae b ) = F\ (81) 

with F a b n — 1 forms defined by: 

^ = u\ A F\ (82) 

Equation (81) is called the Cartan equation. 
The previous equation implies: 

F\ = (83) 
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We can define the set of 0-forms f ca b by 

f ca b = t c *F\ (84) 

From (83) we get f ca a = 0. 

It is possible to obtain the general solution of the Cartan equation by de- 
composing Q a b into the trace part and the trace- free part [29]: 

Qab = Qab H 9abQ (85) 

n 
in such a way Q a a = 0, and decomposing the torsion in the same way as: 

T a = f a + -^—e a A T (86) 

Where T = i a T a and i a f a = 
Equation (81) can be decomposed as: 

n — 2 
i b Qa C -S c b i d Q a d +(S c b S d a -S c a S\)(——i d Q-i d i h T h )-i b i a T c +f c ab = (87) 

2n 



that is, 



1 1 

iaQbc - iJbTc = -—gbciaQ + —9acibQ - fcba (88) 

2n 2n 

1 „ fd | n ~ 1 n f d 

:9acJ db H ; 7^r9bcJ da 



n[n — 2) n[n — 2) 

n-1 „, 1 ,., 

ad 



-Qacf bd 7 7^9bcf 



n[n — 2) n[n — 2) 

We obtain using the symmetry of Q ab and the antisymmetry of i a i T c that: 
1 1 

^•a^b-'-c T\9bcJ ad 9acJ bd) ~Z\Jbac<Jbca<Jcab Jcba Jabc Jacb) 1°"/ 

71 — 1 2 

i>a^ibc 9bc\J da ~r J ad) ~^\Jbac ~~T~ Jbca ~r Jca6 t Jcba Jabc Jacb) W"/ 

/ h — 
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and 



T - ! ^ i « = ra (/c - +(1 - T ' )/c » )e ° (91) 



Observe the following expression for the trace free part of the torsion: 

f c = -^—(e c A e a )f d ad - \{e b A e a )(f bac + f bca + f cab ) (92) 

n — 1 2 

The equations (89-92) provide the general solution of the Cartan equation 
(81), the study of the properties of the general solution is very important for 
what we will discuss in the next chapter so we will devote an entire para- 
graph to the presentation of some particular but important cases of the above 
mentioned equations. 

Let us observe that in general the connection variation of a generic action 
gives a Cartan equation which is a differential equation to be solved for the 
non-Riemannian part of the connection. In the present case, however the 
fact that we are considering an action density like (80) allows us to solve 
algebraically eq. (81) for AV 



3.3 Particular Solutions of the Cartan Equation 

In this section we present some particular solutions of the Cartan equation 
(81). The different cases are classified depending on the form assumed by 
the n — 1 forms F a b . 

We will prove that if F a b assumes the particular form of subsection 3.3.6 or 
3.3.8 the traceless part of the torsion T a turns out to be zero. This result 
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will be used in the following chapters. 

3.3.1 F a b = 

The first case we are going to consider is when F a b = 0. 

In that case using the equations of the previous paragraph we get: 

i a Qbc = (93) 

that is Qbc = and 

lalbf c = (94) 



which means T c = 0. We can write: 

r = — (e"AT) (95) 

n — 1 

T = 1^lQ (96) 

The non-metricity 1-forms and the torsion 2-forms result to be: 

Qab = -QabQ (97) 

n 

T a = ^-(e a AQ) (98) 

In 

The non-Riemannian part of the connection assumes the following very sim- 
ple form: 

Kb = -T^Qdab (99) 

So the traceless part of the non-Riemannian part of the connection defined 
by: 

\\ = x\ - -\ c c s a b (100) 

n 

34 



is zero. 

We will see in the next chapter that this condition guarantees that the non- 

Riemannian part of the Einstein 3-forms vanish. 



3.3.2 f cab — — /« 



In this case by using the formulas of the previous paragraph we get: 

Qai = (101) 

T -'^r Q -^2 f '^ < 102 > 

The traceless part of the torsion 2-forms is calculated to be 



t = — ^r(e c A e a )f d ad + Ue b A e a )f cba (103) 

n — 1 2 

So the solution can be written: 

Qab = -9abQ (104) 

n 

T c = ~^—(e c A e a )f d ad + Ue b A e a )f cba + -^—e c A T (105) 

n — 1 2 n — 1 
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3.3.3 F a b = J2k(e a Ai b *A k ) 

In this section we consider the case in which the forms F a b can be written 

as: 

F\ = Y,(e a M b *A k ) (106) 

k 
With A k set of 1-forms. 

We get easily that: 

fcab = l^2(i c (A k )g ab - i a {A k )g cb )] (107) 

k 
so that: 

fcab = —facb (108) 

We see that: 

f ac = [(1 -n)t a J2A k ] (109) 

k 

and 

Fca = (HO) 

The condition f ca a = gives (n — l)i c J2k A k = that is J2k A k = 0. 
Then we get: 

r=(n-i)(£--^^) (in) 

In n[n — 2) 
The calculation of Q bc gives: 

ri+1 1 

Qfcc = [y2{-e b i c A k - e c i b A k H 5&c4fc)] + -#6 C Q (112) 

fc n ' n 

Indeed from the general expression (90) using the antisymmetry of f cab we 

have: 

Qbc = -9bc f d ad e a + fab c e a + f acb e a + -Q^ c (113) 

n n 
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using the expression (107) we have: 

f d ad e a ={l-n)Y,A k (114) 

k 

facbe a = [J2( A k9cb - i c (A k )e b )] 

k 

fab c e a = [J2( A k9cb - ib(A k )e c )} 

k 

using the previous relations we get the result for Q bc . Analogously using the 
relation (92) we get: 

t = iJ2(-^-r(ecAe a )(l-n)t a (A k ) (115) 

,71 — 1 



k 
1 



+ 7^ e A ^WaAkgbc - ibA k g ac + i c A k g bc 

- ibA k g ac + i a A k g bc - i c A k g ab \) 

= EH e c A A k) + e b A (e a A i a A k )g bc + (e a A e b )i b (A k )g ac )} = ]T(e c A A k ) 

k k 



So the traceless part of the torsion comes to be: 



t=[e c Aj2( A k)} (H6) 

k 



3.3.4 F a b = 5 a b *A 

With A a generic 1-form in this case: 

fcab = g a bi c A (117) 
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The condition f ca a = gives ni c A = 0. 
We observe that: 



T-^Q = -- (H8) 

2n n 



Using the same method of the previous case we get: 



so that: 



T c = -(e c AA) (119) 

n — 1 



n + 1 1 

T c = (e c A A) + — (e c A Q) (120) 



The non-metricity can be calculated using the expression (90) which using 
the symmetry properties of / ca (, becomes: 

2 d 

iaQbc = —gbcf da ~ fbac ~ f cab + facb (121) 

n 



so that: 



2 d a 

Qbc = —gbcf d a e a — fba C e a ~ fcab^ + j acb^ (122) 

n 



By plugging in the expression for f a b c we get: 



Qbc = [-g bc ta(A)e a - g ac (t b A)e a (123) 

n 

- g ab (i c A)e a + g cb (i a A)e a 

2 
= -g bc A - i b Ae c - % c Ae b + g bc A 
n 

■A 2 + n A 

= -e c i b A - e b i c A -\ g bc A 

n 



So we get: 



n + 2 1 

Q bc = l-e b i c (A) - e c i b (A) + g bc A] + -Qg bc (124) 

lb lb 
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The last two cases will be used in chapter 4. As we will see in the next 
chapter they will help to understand the relation between certain models of 
non-Riemannian gravity and Einstein theory. 



3.3.5 F a b = e a A*A bj i b A b = 

where A b is a two form. In this case we require A b to be traceless because if 
not traceless it can be written as: 

A b = A b + ^—(e b AA) (125) 

n — 1 

with A = i a A a . The contribution from the second term gives a term of the 
type treated in 3.3.3, so we limit to consider the traceless case. 
We find easily that: 

fcab = i a i c A b (126) 

so that: 

fcab = —facb (127) 

r\ = i c i a (A a ) = o 

f CC a = 

r\ = i a i\A c ) = o 



So in this case we get: 



T-^-iQ = (128) 

in 
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In this case the relation between Q and T is the same as relation (96). 
After some calculation we find: 

Qab = -[i a (A b )+i b (A a )] (129) 

and 

f c = -{e a M c (A a ) + A c ] (130) 

which means 

e c AT c = e a AA a (131) 

If we consider the case in which A b can be written as: 

A b = i b B (132) 

with B a 3-form then Q ab = 0. 

Another important case which we will meet in the next chapter, is when A b 
coincides itself with T b times a constant A: A b = XT b , then from relation 
(131) we get that if: 

A = 1 (133) 

then T c is arbitrary while if A ^ 1 we need: 

e c A f c = (134) 

3.3.6 (case 3.3 + 3.4) F a b = 5 a b *A + E fe (e a M b * A k ) 

We get: 

fcah = ^L{{i c A k )gaJb - (i a A k )g cb ) + g ab (i c A) (135) 

k 
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The condition f ca a = gives: 



We get then: 



[n-l)J2 A k + nA = (136) 

k 



r =^-[^2)?^ + ^l < 137 » 



The non-metricity is: 

n + 1 n + 2 1 

Qfec = [-e b z c (V A fe +A)-e c 4(VA fe +A)H fcE^ 9bcA}^ — Qg bc 

k k n k n n 

(138) 

using relation (136) we get: 

2 1 

Q bc = [-e b i c (J2A k +A)-e c i b (J2A k +A) + -(Y,A k +A)g bc ] + - gbc Q (139) 
k k n k n 

By defining A\ = — (Z)fc A k + A) we can write: 

2 1 

Qbc = e b i c Ai + e c i b A x A x g hc + -g bc Q (140) 

n n 

The traceless part of the torsion is by using (116,119) and (136): 

T c =[e c Aj2A k + ——re c A A] = (141) 

7„ '^ -L 



so that: 



f = — ( e c AT) (142) 

n — 1 
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3.3.7 F a b = £ fe (e 6 Az a *A fe ) 

In this case we get: 

fcab = K(*c(4k)0ab) - h(A k )g ac ] (143) 

k 

so that: 

fcab = -fbac (144) 

we see that f c ac = and: 

Fca = [(1 -n)t a J2M (145) 

it 

the condition f ca a = gives (n — l)i c J2k A k = we then get: 

2n ^ n(n — 2) 

the calculation of Q bc give the same expression we found for the case 3.3.3: 

n + 1 1 

Qbc = [y2(-e b i c A k - e c i b A k -\ gb c A k )} + -g bc Q (147) 

k n n 

as far as the traceless part of the torsion is concerned we get: 

t = ke b A e a )f bca = -(e b A e a )g ca £ % b A k = e c A £ A fc (148) 

that is the same expression of the case 3.3.3 



42 



3.3.8 (case 3.7 + 3.4) F a b = 5 a b *A + £ fe (e b A i a * A k 



We have: 

fcab = E(*c(^fc)^o6 ~ ^(AOfi'ac) + 9abi C A (149) 

all the results are equivalent to the case 3.3.6, apart from the relation between 
T and Q which is modified into: 

T=2^V[I^*-4] (150) 

In n{n — 2) n 

The expression for Q bc and T c are the same and the traceless part of the 
torsion 2- forms comes out to be zero. 
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CHAPTER 4 

4 NON-RIEMANNIAN GRAVITATION AND 
THE ISOMORPHISM WITH GENERAL 
RELATIVITY 

In this chapter we investigate the remarkable relation which exists between 
certain models of non-Riemannian gravity and Einstein's theory, this relation 
was first discovered by Tucker, Wang [22,25-26] two years ago, but they 
limited their analysis to the relation with Einstein-Proca models, and the 
proof they presented for the general n dimensional case was computer based. 
Here we reconsider the problem and in several steps we give a proof by hand 
of a theorem which was first proved with the help of the computer language 
Maple concerning the simplification of the field equations. We manage to 
do so dividing the proof in different simple but significant steps, by doing so 
it becomes clear how the proof can be easily extended to other theories like 
scalar tensor gravities, then we are able to formulate a more general result 
which can be applied to more general cases, as we will see, this will permit 
us in the next chapter to obtain a class of new black-hole solutions with 
non-Riemannian connections and scalar fields, so far no such solutions have 
been found in the literature. 

We start the analysis by studying the action which was first considered in 
Ref. [25] where they considered only n = 4; we start by considering the case 
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in which the Weyl 1-form Q satisfies the equation d-k dQ = 0. 

Here we present a step by step proof valid for any n, then we generalise the 

proof to the case the equation for Q contains a mass term and the action 

from which we get the equations of motion is more general. 

As we will see we may consider quite general actions which give for the Weyl 

1-form Q the Proca type equation ad-kdQ + (3 *Q = 0. When this happens 

we say that the model is 'Proca-type'. 

The existence of the remarkable simplification will bring us to the definition 

of Isomorphism between certain non-Riemannian models of gravity and 

Levi-Civita theories, this being the fact that after the simplification the field 

equations for the non-Riemannian gravity are equivalent to the Levi-Civita 

one, with the non-Riemannian fields (Q, T, ...) being replaced by certain fields 

which appear in the Levi-Civita case. This relation can be used to obtain 

solutions for the non-Riemannian field equations using the solutions of the 

Levi-Civita theory. 

Using the formalism of chapter 2 and 3 we present the study of the conformal 

generalised Einstein equations that is the case where we have a scalar field 

coupled with the Einstein-Hilbert term f(tp) -R*l where ip is a dilaton field. 

In section 4.5 we consider the case in which the term f{ip) R*l does not 

appear in the action. Properties of Isomorphism may be shown to hold; these 

will be used in the next chapter to get a new class of black hole solutions 

with non-Riemannian connections. 
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4.1 Relation with Einstein-Proca theory: massless Weyl 
field case 

We start the analysis by considering the relation with the Einstein-Proca 
models in the case in which the mass of the Weyl field associated with the 
non-metricity 1-forms is zero, this case though simpler will be used in the 
following to get all the other results. 
To begin with, consider the action [25]: 

[ A[e, u] = ! kR*l + ^dQ A *dQ + ^Q A *Q + ]-T A *T (151) 

Where k, a, (3, 7 are real constants, R, Q, T are the curvature scalar the trace 

of the non-metricity 1-forms, and the contracted forms T = i c T c , defined in 

chapter 2. 

To get the field equations we need to consider the variation with respect to 

the coframe e a and the connection u a b. 

The first thing to note is that using relation (17) of Chapter 2 we get that: 

Q =0 (152) 

e 

and 

dQ = d( Q ) = (153) 

e e 

since Q is a frame independent object. 

On the other hand the coframe variation of T a and T in general are different 

from zero. 
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Using the formula (71) we get: 

1 1 

-(dQ A *dQ) = Se a A - [dQ A i a * dQ - i a dQ A *dQ) (154) 

e 

-{Q A *Q) = -<5e a A -(Q A i a • Q + i a Q A *Q) (155) 

e 

The variation of the Einstein-Hilbert term has already been considered in 
the previous chapter and it gives: 

Se c A R a b A *(e a A e b A e c ) (156) 

The calculation of the variation of the term containing the torsion requires 
a bit more formalism, for instance the coframe variation of T is: 

5 e T = 5 e {i a T a ) = 5 e {i a )T a + i a {5 e T a ) (157) 

Let us consider the first term in the previous relation. We need to obtain 
some properties for the operator 5 e (i a ) which in the following will be indicated 

as: 

H a (158) 

The first thing to observe is that using the definition of the coframe i a (e b ) = 
5 b a and S e (S b a ) = we get: 

z<5 a e 6 + a^ 6 ) = (159) 

or: 

is a e b = -i a (5e b ) (160) 
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using this property it follows that i$ a satisfies the same properties of an 
ordinary interior derivation, for example: 

t Sa (e b Ae c )=i Sa (e b )Ae c -e b At Sa (e c ) (161) 

by means of the previous property we can prove a simple but useful relation. 
Let us consider a generic p-iorm B, we can write pB = e b A i b B, so that 

pi 5a B = i Sa (e b ) A i b B - e b A i s J b B = (162) 

i 5a (e b ) A i b B + e b A i b i Sa B = (p - l)i 5a B + i 5a (e b ) A i b B 

from which we get: 

i 5a B = i 5a {e c ) M C B (163) 

this relation proves useful in calculating variations since while in general we 
do not know the effect of i$ a on a generic p-iorm. B, by using relation (160) 
we know the effect on the coframe vectors e c . 

We can use the above relation for calculating one of the contributions in the 
variation of the torsion term: 

-(TA*T) = TA*T+-(TA * T) (164) 

*• v ' e e 

e 

= (i s T a + t a (5T a )) A*T-5e a A^(TAt a *T + i a TA *T) 

= i Sa (e b ) A i b (T a ) A *T - (5T a A i a * T - Se a A - (T A i a * T 
+ i a T A *T) = -i a 5e b A i b {T a ) A *T + 5e 6 A A a 6 A i a * T 
5e a A -(T A i a * T + i a T A *T) = i a (5e fe ATAj^T 

+ 5e 6 A A a 6 A z a * T - <5e a A -(T A i a • T + i a T A *T) 
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= 5e b Ai a (T a Ai b *T) + 5e b A\ a b Ai a *T 
- 5e a A-(TAi a *T + «jA*T) 

so the stress forms associated with the torsion term is: 

T a [i\ = l{ib{T h A i a * T) + \\ A i b • T - -{T A i a • T + i a T A *T)) (165) 

let us move now to the connection variations. As we know from the previous 
chapter the connection variation of the Einstein-Hilbert term is (mod d): 

R*l = u a b AD*(e a Ae b ) (166) 

to calculate the variation of the other terms we observe that: 

0^ = g ab Qab = g ab Dg^ = -2u\S b a (167) 

U) UJ LO 

T a = u\Ae b (168) 



then we get 



and mod d 



\qaM:}= -2^' ,$, A *Q (169) 



- dQ A *dQ = -2u b a 5 a b Ad*dQ (170) 

The term containing the torsion gives: 

I 

-Tj^T = i a T^A*T = i a (Co a c Ae c )A*T= -Co a b Ae b Ai a *T (171) 

thus the variation with respect to the connection gives mod d the field equa- 
tion 

kD * (e a A e b ) = 25 b a (ad * dQ + (3 *Q) + -fe b Ai a *T (172) 
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by taking the trace of this equation it is possible to replace it by the other 
two equivalent equations: 

'vi 1 — n) 

ad*dQ + (3*Q=^ } -*T (173) 

2n 

X — Th 

kD * (e a A e b ) = 5 b a 7 *T + 7 e 6 Ai fl *T (174) 

n 

where n is the dimension of the manifold. The generalised Einstein equations 
which come from the coframe variation are: 

kR\ A *(e a A e b A e c ) + r c [a] + r c [/3] + r c [ 7 ] = (175) 

where 

(X 

T c [a} = -(dQAi c *dQ-i c dQA*dQ) (176) 

Tc\P\ = ~(QAi c *Q + i c QA *Q) (177) 

r c [ 7 ] = 7 fc(T fc A *(T A e c )) + A fc c A z fc • T - -(T A z c • T + z c T A *T)] (178) 

Let us solve equation (172) for the non-Riemannian part of the connection. 
We can rewrite equations (174) as: 

D * (e b A e a ) = 5 b a ^±} *T -}e b Ai a *T (179) 

n k k 

apart from the exchange of a and b this equation corresponds to the case 

3.3.6 of the Cartan equation discussed in the previous chapter, with the 

corresp ondence : 

A= r ^llT (180) 

n k 

E4k = -? T ( 181 ) 

k 
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so we can use relation (137) to get: 

m n — 1 ^ r l — ^7^ n — 1 7^, r 7^2(n— 1), 

T - ^^ Q = ^^i T + -7 — ^ T = i T ^ — ^ 182 

in rr /c n{n — 2) k k n z {n — 2) 



or 



T=[?—^ Q—r- ] (183) 

x kn 2 (n-2) 

Observe the interesting fact that T is directly proportional to the trace of 



the non-metricity 1-form Q. 

Indeed by using the relations of the previous chapter we have now proved 

the following: 

Proposition : For theories in which F a i ) takes the form F a ^ = S a i, * A + 
X]fc(e a Azfe^^-fc); with A k = C^T + C 2 kQ and A = C 3 T + C 4 Q with constants 
C±k, C2k, C3, C4 it follows that, T = C$Q for some constant C$. 

Such theories will be called 'Proca-type'. 

This name comes from the fact that if we plug (183) into (173) we obtain 

the Proca equation ad * dQ + $> * Q = where: 

1 7 £(n-l) 2 (n-2) 
Po — P — -.- 



4(kn 2 (n-2) -27(71- 1)) 
If we require the Weyl field to be massless i.e. we demand d * dQ = then 



from equation (173): 



Q ^T m 
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using relation (182) we get: 

111 + {n ~ l?1 - 2l{U - l) 1 - (185) 

which is equivalent to (since we are supposing T^O): 

An 2 (n - 2)(3k + (n - l) 2 (n - 2) 7 A; + 8(1 - n)-f(3 = (186) 

In the particular case of n = 4: 

6Apk + 9jk - 12(3-1 = (187) 

so the coupling constants would have to be constrained if we want to have a 

massless Weyl field. 

For the 'Proca-type' theories using the results of case 3.3.6 of previous the 

chapter we conclude that the traceless part of the torsion is zero so that we 

can write: 

r = — (e"AT) (188) 

n — 1 

To calculate the non-Riemannian part of the connection we use the relation 
(23) in which the non-metricity 1-forms are given by formula (140). 
After a simple calculation we find that: 

W = 7 ^le a Ai b (A 3 + 2A 1 -A 2 ) + e b Ai a (A 2 -(2 + 2n)A 1 -A 3 ) + 5 a b (2A 1 -A 2 )] 

(189) 
where A 3 = ^T, A 2 = Q, and A 1 = -(A + £ fc A k ). 
The traceless part of \ a b is: 

\ a b = — [e a Ai b (A 3 + 2A 1 -A 2 ) + e b Ai a (A 2 -(2 + 2n)A 1 -A 3 ) + 5 a b 2A 1 ] (190) 
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from relation (182) we get: 



i^- A ^ = l T ^2) < 191) 

since Ai = —[J2k Ak + A] we get: 

Ai = ~T (192) 

n k 

and 

A 3 -A 2 = -A 1 (193) 

n — 2 

so we may rewrite the non-Riemannian part of the connection in the form: 

1 1 — n 1 

W = [ ^ b (A 1 ) Ae a + -e b A t a (A 1 ) + —d\(2A 1 - A 2 )] (194) 

n — 2 n — 2 2n 

We can observe that in order to get the non-Riemannian part of the con- 
nection 1-forms we have used only the traceless part of the Cartan equation 
(174). By using (174) we can obtain A a 6 as a function of the torsion T. If we 
introduce in the action extra terms which modifies (173) but not (174) then 
the algebraic dependence of X a b as a function of T will be the same. So we 
realize that the torsion has somehow a special role in determining the non- 
Riemannian part of the connection; the origin of this resides in the fact the 
variations considered in (169-170) contain the diagonal operator 5 a b which 
(171) does not contain. 

This observation will be used in section 4.5 to generalise the cancellation 
property of the field equations to some dilaton gravity models. 
In the following we want to use the expression for A% to calculate all the 
terms which appear in the generalised Einstein equations. As we will see, a 
remarkable cancellation occurs in the latter equations which permits us to 
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simplify the study of the properties of non-Riemannian actions. 
The expression for X a b can be used to calculate the term X b a Ai b ~kT: 

\ b a Ai b *T= (195) 

1 1 — 71 

-UAi) A e b A i b * T + -\i\Ai) A e a A % * T] + 



L n-2 v y n-2' 

1 n — 1 

— [2.4! - A 2 ] A 7 a * T = ^—^ [i a (A0 A *T] 

1 — n 1 

+-— _[i b (Ai)Ae a Ai a *r] + — (2A!-A 2 )A2 a ^T] 

Then using the relation: 

i k A A e a A i k * T = -i fc [i fc A A *i a T] +UA*T (196) 

we can rewrite the expression in the form: 

ri — 1 1 

A\ A 7 b * T = [ -i 6 [A^i) A «J] + —[2A 1 - A 2 ] Ai a *T] (197) 

77 — 2 277 

By using the definition of A 3 we can write the term ik{T k A *(T A e )) as: 

7 fc (T fc A*(TAe a )) = — A 3 A7 a *T (198) 

Adding this term to the relation (197) and using (193) gives: 

i b {T b Ai a *T) + \ b a Ai b *T = (199) 

77 — 1 1 

[ Ti 6 (i 6 (4i) A *7 a T) + — [2Ax - A 2 + A3] A i a • T = 

77 — 2 2n 

77—1 1 

-i 6 [i 6 (Ai) A *i a T] + -A x Ai a *T] 

n — 2 n — 2 

The * variation of the torsion term gives: 

1 1 — 77 

- -(T A i a * T + i a T A *T) = -^-[4i A 7 a • T + 7 a A 3 A *T] (200) 
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The stress forms which come from the term Q A *Q can be written: 

- 2 (Q A ia * Q + i a Q A *Q) = --(A 2 A * a • T + * a ,4 2 A *T)A (201) 

where A is defined by: 

Q = XT (202) 

If the Weyl field mass is zero then from equation (184) we get: 
so that 

- -(<? A l a * Q + l a Q A *Q) = ~^n^^( A 2 Aia*T + l a A 2 A *T) (204) 

Let us move now to the calculation of the non-Riemannian contribution to 
the Einstein tensor. Using the formula (34) of chapter 2 we can write the 
Einstein-Hilbert term as: 

R * 1 =R *1 - A a c A A c 6 A *(e 6 A e a ) - d(X a b A *(e 6 A e a )) (205) 

=£ *1 - X a c A A c 6 A *(e b A e a ) - d(A a 6 A *(e 6 A e a )) 

where A a b indicates the traceless part of the non-Riemannian part of the 

connection. 

The non-Riemannian contribution to the Levi-Civita Einstein-Hilbert term 

o 

which we indicate by A R *1 is mod d: 

A R *1 = X a c A X c b A *(e a A e b ) (206) 

its coframe variation gives: 

r d (A R *1) = A a c A A c 6 A *(e a A e b A e d ) (207) 
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by using relation (194) we get: 

r a (A R *1) = [A x M a *A l + i a A 1 A*Ai] -ni 6 [i 6 (i4i) A*i (i4i)] (208) 

2 — n 

it is convenient in the following to express the torsion as a function of A\, 
using relation (192) we can write: 

71 — 1 

T a [P] = —£- [A 2 A i a * A + i a A 2 A *Ai] (209) 

and 

Tail] = (210) 

k^—[A 3 At a ^A 1 + i a A 3 A *Ai] 

+fc W(n " 1) t 6 [» 6 (i4i)A*» a (A 1 )] + 

n — 2 

77. 

fc T(AiAi a *Ai) 

n — 2 

we get then: 

T a [f3}+T a b]+T a (AR*l)= (211) 

71 — 1 

k— — [A 2 A i a * A + 2 a A 2 A *Ai] + 

1 — 72 

fe^p[A 3 A ? a * Ai + ? a A 3 A *^i] 
+k n ^~^ %(A l )AM a (Ai)] + 

71 1 

fc -{A x A i a * Ai) + fc- [Ai A 2 a • A + 

n — 2 2 — n 

i Ai A *Ai] -fen i b [i 6 (Ai) A *i a (Ai)] 
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using (193) we find: 



T a [P}+T a [ 1 ]+T a (AR*l)= (212) 



I 77 

k[- [A x M a *A x + i a A t A *Ai] + -i%{A x ) A *z a (Ai)] 

2 — n n — 2 

77- T£ — 1 

+ ^{Ai Ai tt * Ai) + [A x Ai a *A ± + i a A x A *Ai]] = 

n — 2 2 — n 

TZ 77- 

k[- [A t A i a • A x + 2 a Ax A *Ai] + [A t Ai a * A t ] + 

2 — n n — 2 

U ib\A A a .,.„• A 11 _ u n MA A , a M 



-i b \i h A x A *i a A x \\ = k[- [i a A 1 A *4x - i 6 [i 6 Ai A *i a 4i]]] = 



ra-2 L JJ L 2-n 

where use has been made of the relation: 

i a A A *A = i b [i b A A *i a A] 

for a generic 1-form A. 

The generalised Einstein equations then simplifies into: 

k G c +r c [a] = (213) 

o o 

where G c =R a b A * (e A e A e c ), we conclude that the non-Riemannian 

contribution to the Einstein tensor exactly cancels all the stress terms apart 

from r c [a] and the equations (175) simplify into (213). 

This is the cited simplification originally discovered by Tucker, Wang in the 

case n — 4 [25]. 

This implies that if we consider a generic solution of the Einstein-Maxwell 

system, then provided relation (186) is satisfied we get a solution of the 

equations (172,175) of the action (151) with the non-metricity given by (140), 

and 

A 2 = A EM (214) 
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A 1 = ^-T= 2(3 A EM (215) 

nk (1 — n)k 

A 3 = A 2 + — ^i (216) 



4.2 Massive Weyl field 

Suppose now that the Weyl field has mass parameter f3 so that: 

ad*dQ + [3 *Q = (217) 

from equation (173) we have: 

(P-^)*Q=?^-A±T (218) 



so 



X ~ 2n [3 - (3 ~ ~Mir {l + J^p-J (219) 

then (209) is replaced by: 

Talfl = k^-^[l + -T^V][^2 A i a * A 1 + i a A 2 A *A X \ (220) 

4 P — Po 

then an extra term appears which is not cancelled out: 

Ar a \j3] = k^-± [-t^V] [A 2 M a *A 1 + i a A 2 A *4i] (221) 

4 /J — Po 
which using (192) and (218) can be rewritten as: 

- Po ^ [Q A i a • Q + *aQ A *Q] (222) 
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then the Einstein equations reduce to: 

k G c +r c [a] + r c [(3 Q ] = (223) 

That is the Einstein equations for the Proca field with mass parameter (3 . 
Relation (186) becomes: 

4n 2 (n -2)(0- (3 )k + (n - l) 2 (n - 2)~/k + 8(1 - n)-f((3 - /%) = (224) 

The forms Ai,A 2 , A 3 become: 

A 2 = A EP (225) 

7 2(/3 - fa) . , s 

Al = ^ T = TT^# A£P (226) 



and: 



As = A 2 + ^4^^i (227) 



We can summarise paragraphs 4.1 and 4.2 by stating the following: 

Theorem : The solutions of the field equations which come from the ac- 
tion (151) also satisfy the Einstein- Proca system (equations (217) and (223) 
in a pseudo-riemannian geometry). 

4.3 Extended Actions 

In this section we extend what found in the previous two sections to show 
that the simplification property holds even for more general actions. 
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Consider now the theory obtained from the action: 

[A[e,u>}= [{kR*l + -dQA*dQ + -QA*Q+-TA*T+-(T c A*T c )] (228) 

where T c is the torsion two form. 

By considering the coframe variation we get: 

r [e] = e{-\\ A *T 6 + i(T 6 A i a • T 6 - * a T 6 A *T 6 )) (229) 

while the Cartan equation yields: 

T{ 1 — Ti i 6 

ad*dQ + (3*Q=— J -*T + — e c A *T C (230) 

2n 2n 

kD*(e a Ae b ) = 5 b a ^— ^ *T+S b a -e c A*T c + ie b Ai a *T-ee b A*T a (231) 

n n 

by using relation (20) we can write these equations in the form: 

ad* dQ + (5 * Q = — fail - n) -e]*T (232) 

2n 

fc£> • (e a A e 6 ) = — [7(1 - n) - e] • T + 7 e 6 A z a * T - ee 6 A *T a (233) 
n 

The last term in the second equation can be written: 

e(e 6 A*T a ) = e ( e 6 A *[f a +^-(e a AT)]) = e{e b A*f a )+-^{e b Ai a *T) (234) 

n — 1 1 — n 

where T a denotes the traceless part of the torsion satisfying i a T a = 0. 
We can write equation (233) as: 

kD*(e a Ae b ) = —[7(1 -n) -e]*T + —^—[7(1 -n) - e]e b Ai a *T-ee b A*f a 
n 1 — n 

(235) 
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equations (232) and (235) are equivalent apart from the last term to equations 

(173,174) with 7 ^7-^. 
If we define 7' as: 



7=7" z (236) 

1 — 71 



We can write: 



Vfl - n) 

ad*dQ + (3*Q = 1 \ L *T (237) 

In 

Vfl _ fi\ 

kD * (e a A e h ) = 5 b a ^ '- * T + 7'e 6 Ai a *T- e(e 6 A *T ) (238) 

n 

We can apply now the formulas (129,130) of the third chapter to get the 

extra contribution to the traceless part of the non-metricity 1-forms Q a b, we 
call it AQ ab : 

AQ ab = -e[i a f b + i b f a ] (239) 

Using relation (128) we see that the linear relation between T and Q remains 
the same moreover: 

e c Af c = ^(e c Af c ) (240) 

From the last one it follows that if we put: 

e = k (241) 

then T c is arbitrary. 
If instead e 7^ k then: 

e c A f c = (242) 

Consider firstly the case T a = 0. The constants e and k are not constrained, 
but as we will see there is still a constraint between 7', (3 and k. 
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If T a = the Cartan equation (237,238) coincides with (173-174) with 7' 
defined in (236), then we can use the expression for the non-Riemannian 
part of the connection (194) in which A\ is given by: 

A 1 = ^ (243) 

nk 

relation (224) becomes: 

4n 2 (n - 2)(/3 - (3 Q )k + (n - l) 2 (n - 2)j'k + 8(1 - n)i{(3 - (3 ) = (244) 

The forms A 2 , A 3 are given by the same relations (225,227). 

Let us move now to the stress forms, since the traceless part of the torsion 

two form vanishes then: 

*T a = -^—t a *T (245) 

1 — 71 



we get then: 



2 — n 
T c M a *T c = —{T Ai a *T) (246) 

(n — \y 



and 



so that: 



i a T c A*T C = - — (TAi a *T) + [i a T A *T) (247) 

[n — l) z n — 1 



1 3 — n 1 

-{T c Ai a *T c -i a T c A*T c ) = _ {TAi c *T) - _ {i a T A*T) (248) 

it is easily checked that: 

1 3 — n 1 

i k {T k A*{T Ae a ))--{T Ai a *T+i a T A*T) = —— -— (T Ai a *T) - -(i a T A*T) 

(249) 
we see that using relation (245) we have: 

-e{\ b a A*T b ) = —-^\ b a Ai b *T (250) 

\ — n 
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so the result is that: 



from this follows that: 



Ta[e] = -ZT^—Tab] (251) 

1 — n 



Tab] + r a [e\ = r a [ 7 - I — ] = r a [i\ (252) 

The conclusion is that if we choose the traceless part of the torsion 2-form 
equal to zero, the action (228) is equivalent to (151) with the replacement: 

7 - i (253) 

so the cancellation proved for the action (151) is valid for the action (228) 
too. 

It is possible to prove using the same technique used in the previous para- 
graphs that the cancellation still occurs when T c ^ 0. 

Consider now a theory obtained from an action density: 

a B 'y v 

A[e,u] = kR*l + -dQ f\*dQ + ^Q A*Q + j-T A*T + -{Q A*T) (254) 

the connection variation of the term Q A *T gives: 

(Q A *T) = -2u a b S a b A *T - u a b A e b A i a * Q (255) 

S ' 

the terms which appear in the former expression are of the type considered 
in 3.3.6 of the previous chapter, we can use relation (137) to conclude that 
in this case too the torsion 1-form T is proportional to the trace of the non- 
metricity 1 - form Q: 

T = XQ (256) 
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where A can be calculated using the equations of chapter 3. 
The Cartan equation yields: 



1 1 1 — n 

ad*dQ + (3*Q + -v*T= (7 + -z//i) *T (257) 

Zi Zi jLil 



1 1 — n 1 

kD * (e n A e 6 ) = 5 6 a ( 7 + 7^)^— * T + (7 + ^^ A i a *T (25£ 



where // = -r. Eq. (257) can be rewritten: 



1 1 1 — n 

ad*dQ + [3*Q + -v\*Q = (^+-vn)^—*T (259) 

then we have: 

11 1 

- u(Q A *T) = — /^ C T A *Q + Q A z c * T] + -1/ T A • Q (260) 

2 * v ' 2 2 v ~ v -"' 

e e 

which can be written as: 
--v\-[i c QA*Q+QAi c *Q] + -vfi T A*T--v/i-[i c TA*T+TAi c *T] (261) 

e 



which is: 



-/u/- (T A *T) —i/A-[i c Q A *Q + Q A i c * Q] (262) 

2 2 „ ' 2 2 



the conclusion is that the inclusion of the term |(Q A *T) is equivalent to: 

7_>7+ 2 Z//i ( ' 263 ' ) 

/?->/3+^A (264) 
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the value of A can be calculated using the formulas of the previous chapter. 
The contribution to the Einstein 3-form can be calculated using the formula 
(207) with: 

* = (7+f)£ P65) 

The conclusion is that apart from a redefinition of the coupling constants, 

the reduction of the field equations to the Einstein-Proca will occur in this 
case too. 

This property can be generalised to more general actions, in particular actions 
which contain: 

Q = e a i b Q ah (266) 

Let us consider first the term: 

Q A *T (267) 

The connection variation is: 

QA*T= Q A*T+ T A*Q (268) 

= e a i b Q ab A*T-u a h Ae b Ai a *Q = Q ab M b \e a A *T\ 

-u b l Ae b Ai a *Q = -(\ ab + \ ba ) g ab A*T+ X ab + X ba Ae a Ai b *T 

-u a b A e b A i a * Q = -2u a b 5^ A *T - u a b A e b A i a • Q 
+uj a b Ae a Ai b -kT + io a b Ae b Ai a -kT 

Analogously we get for a Q A *Q the variation: 

Q A *Q = -2u a b 5 a b A *(Q + Q) + u a b A e a A i b * Q + u a b A e b A i a • Q (269) 
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and 

QA*Q = -4:U a b S a b A *Q + 2u a b Ae a M b *Q + 2u a b A e b A i a * Q (270) 

We can see that all the terms which appear in the previous formulas are of 
the type considered in chapter 3 in our study of the Cartan equation. 
By using the formulas in there we can say that T and Q are directly propor- 
tional to the trace of non metricity 1-forms Q, it is very easy to prove that 
the field Q will satisfy a Proca-type equation, then using the same techniques 
of the previous paragraphs we can verify that the cancellation still occurs in 
the field equations. 

We will see in the next sections that it is possible to extend this property 
of simplification to actions which contain more general terms, but before 
proceeding let us introduce the concept of Isomorphism between a non- 
Riemannian theory and Levi-Civita theories. We consider the case in which 
the Levi-Civita action is dependent on the metric g and on a 1-form A. The 
generalisation to more general cases is straightforward. 

Definition: We say there is an isomorphism between a non-Riemannian 
theory obtained from an action Ajvi?(g, w), and a Levi-Civita theory obtained 
from an action A^c(g) A), if the field equations obtained from the action A^r 
coincide with the field equations obtained from the action A^c, provided we 
replace the non-Riemannian fields with certain functions obtained from the 
field A. 

Example: The theory obtained from the action (151) is isomorphic to the 
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theory obtained from the Levi-Civita action: 

ALc = kR*l + ^(dAA*dA) + ^(AA*A) (271) 

for a generic 1- form A, because the field equations we obtain from the latter 
action considering the variation with respect to the metric and the 1-form 
A, are the same as equations (217,223) provided we replace A by Q. This 
implies that we can use solutions of the field equations to the theory (271) 
to get solutions for the field equations of (151), (217,223). 
In the next section we present a case in which the isomorphism property 
does not occur; namely the case in which we have a Dilaton field conformally 
coupled to the full non-Riemannian Einstein-Hilbert term. 



4.4 Conformal Generalised Einstein Equations 

In this section we study the effect on the generalised Einstein equations of 
the term if) 2 R* 1. 
Consider the action: 

[ A[e,v,i/>] = ffc(l+a^ 2 )fl*l + M#A*#) (272) 

where if) is a scalar field (0-form), and R is the full non-Riemannian scalar 

curvature, a, (3 are constants. 

The variation of the action with respect to if) gives: 

Pd*dif)-2kaif){R*l) = (273) 
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The calculation of the connection variation proceeds in a similar way to eq. 
(67) but now instead of the term duo a b A *(e b A e a ) we have the term: 

(l + c# 2 )(AAA*(e 6 Ae a )) (274) 

we have: 

[^A*(e fl Ae 6 )](l + «^) = (275) 

d[(l + ai) 2 )[u a h A *(e„ A e b )}] + uA A d[*(e a A e 6 )(l + aifj 2 )] 

so (mod d): 

dw a 6 A*(e a Ae b )(l + ft^) = (276) 

u a b A d[*(e a A e 6 )(l + a^ 2 )] = 
u a b A (1 + a^ 2 ) d(*(e a A e b )) + 2aip (u a b A dtp A *(e a A e b )) 

Then analogously to equation (67) we get the Cartan equation: 

(1 + aip 2 ) D*(e a A e b ) + 2a^[# A *(e a A e b )} = (277) 

or 

D * (e a A e b ) = A(ifj) [dip A *(e a A e b )] (278) 

where: 



«*) = "7^3 (279) 



2aip 
lTc# 2 
To calculate the coframe variation of the term (R * 1)(1 + a-?/; 2 ) using the 

decomposition (205), observe that: 
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d[(l + aiP 2 ) (\ a b A •(e 6 A e ))] = (280) 

(1 + aip 2 )d(X a b A *(e 6 A e a )) - 2aip A \ a b A dip A *(e 6 A e ) 

so (mod d): 

d(X a b A *(e b A e ))(l + a^ 2 ) = 2 a ^[A a fe A#A *(e b A e a )] (281) 

the coframe variation then gives the Einstein equations: 

fc(l + aip 2 ) R a b A * (e b A e a A e c ) + (282) 

-2ocip[\ a b A dip A -k(e b A e a A e c )] {dip Ai c *dip + i c dip A *dip) 

+Jfc(l + aip 2 )(\ a c A \ c b ) A *(e a A e b A e c ) = 

to continue the analysis we need to solve the Cartan equation for X a b : 

D * (e a A e b ) = A(ip) [dip A *(e a A e b )] (283) 

we find: 

f cab = A(iP)i c (*(diP A *(e a A e h ))) (284) 

we see that f cab = —f c ba so from the results of chapter 3 we can say that the 

traceless part of the non-metricity 1- forms vanish: 

Q ab = (285) 
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We can write f cab as: 

f cab = A(ij)M^9ca - 6 d a g cb ] (286) 

where the O-forms ipd are defined by dip = ipd^ d - 
Contracting (286) we find: 

f c ac = A{^ d {l - n)5 d a (287) 

the two latter expressions may be used to calculate the traceless part of the 
torsion which turns out to vanish: 

f c = (288) 

so that T a = -^e a A T. 

Then since f c ac = —f c ca applying relation (91) we get: 

r = ^ + H' 4 W* < 289) 

The solution for the non-metricity and torsion can then be written as: 



Qab = ~9abQ (290) 

n 

T a = —e a AQ —(e a A dip) A(ifj) 

2n n — 2 

using the relation (23) of chapter 2 we get the following expression for the 

non-Riemannian part of the connection 1-forms: 

1 1 

Kb = ~—9abQ H -A{if))(i a (dil))e b - i b (dip)e a ) (291) 

2n n — 2 
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and the traceless part: 

Kb = t; a W {ia{d^)e b - z 6 (#)e a ) (292) 

n — 2 

Let us consider the terms which appear in the generalised Einstein's equa- 
tions. 
Consider first the term: 

(2aif>) [X a b A di/> A *(e b A e a A e c )] (293) 

Using the expression for the non-Riemannian part of the connection 1-forms 
we get: 

AonjjAty) [i a (#) A dip A i a i c * 1] (294) 

which can be written as: 

4aipA(i(j) [i c (dip A *#) - i b (i b # A *i c #)] (295) 

The term: 

fc(l + <W> 2 ) ( A° c A A c 6 ) A *(e a A e 6 A e c ) (296) 

is: 

- 2kon t> A W) [(3 _ n )i c (^ a *#) - 2* a [* a (#) A *i c #l] (297) 

n — 2 

So the non-Riemannian contribution to the Einstein n — 1-forms G c is: 



- AkaipA(ip) [i c (dtp A *#) - i b [ib(dif>) A z c #)] - (298) 

2kij)A{il>) . _ A _ 2i or ia / d ^) A ^ 

n — 2 
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Then the generalised Einstein equations can be written: 



2 /?', 



fcG c (l + ocir) -^-[dijjAi c *dil> + i c dip A *di(j\ = (299) 

In which use has been made of the relation of the relation: 



— [A A i a * A + i a A A *A] = -i a (A A *A) - i%(A) A *i a (A)] (300) 



valid for any 1-form A. 
In the previous we have: 



77 — 1 

p' = p + Ak (301) 

n — 2 



It is interesting to note that if: 

/»=-«^ (302) 

then we eliminate the kinetic term from the reduced generalised Einstein 
equations. 

Let us make now the comparison with the theory obtained from the action: 
[ A[e,u,i/>] = f[k(l + a4> 2 ) R*l + —{di{)Ai<dilj)} (303) 

Considering the coframe variation of the previous action we get the equation: 
fc(l + ai?)G c -^-[dipAi c *dip + i c di^ A -kdij}] = (304) 
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Which coincides with (299). 

By using (292) we can calculate the non-Riemannian contribution to the 

Einstein-Hilbert term: 

AR-kl = - — 1 —-tA 2 (%Ij) [i a {dif)) A dtp A e b A *(e a A e b ) (305) 

(n — 2) 2 

- i c {dif))i c {d^fj) (e a A e b ) A *(e a A e b )] 
+ i h {dip) A d(ip) A e a A *(e 6 A e a ) 

= 2i a (di)) A d(V») A (e& A *(e a A e fe )) 

- i c (difj)i c (dij) [(e a A e 6 ) A *(e a A e 6 )] 
= 2z a (d^) Ad(i/j) A[-g ba *e b + n*e a } 

- i c (di^)i c (dtp) [e a A (-g ba * e b + n * e a )] 

= 2(w - 1) d(V>) A *e a A i a (ety>) - ™( n - 1)(# A *#) 

= 7^^ (3n-2-n 2 )(#A*#) 
(n — 2) 

The variation with respect to ip of (304) gives: 

ffd*dip-2kail) °R*1 =0 (306) 



4.5 RELATION WITH A CLASS OF DILATON GRAV- 
ITY THEORIES 

In the previous section we saw that we can reduce the conformal generalised 
Einstein equations to a Levi-Civita system, before proceeding to the topic of 
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this section let us observe that if in the reduced Einstein equations we put: 

P = Q (307) 

then we get 

n — 1 
[3> = 4k- — - (308) 

n — 2 

which in the 4-dimensional case has the value (3' — 6 which is the value 
required for the conformal invariance. It is clear anyway that in this case 
since we are fixing the metric g a b = r\ a b the conformal transformations are 
not defined at least not in the usual sense. 

In this section we want to show the extension of the isomorphism to a certain 
class of Dilaton gravity models, consider then an action of the type: 

A[e, u] = J[kR*\ + |/i(V0 W A *dQ) + y/ 2 (V0(Q A *Q) (309) 

\Q A *Q) + -(# A *d^) + F[e, u}} 



2 ^ ^'2 
where fi(tp) and /^(VO are 0- forms functions of the scalar field (dilaton), and 

F[e,w] a generic n— form dependent on the variables e and u>. Suppose that 
in the limit: 

/iW ^ 1 (310) 

we get a Proca-type equation for the Weyl 1-form Q: 
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ad*dQ + [3 *Q = (311) 

and the theory is of Proca type, that is the generalised Einstein equations 
reduce to: 

k G c + r c [a) + r c [/3 ] + r c [«J] = (312) 

then the isomorphism occurs in the general case with f\(ip), /^(VO ^ 1 as 

well. 

The proof of this result is as follows. 

The Cartan equation can be written as: 

ad(/iM) * dQ + / 2 (V0/3o * Q + (/? - A)) * Q = E(*#*) ( 313 ) 

£;D*(e a Ae 6 ) = F a 6 
in which the £& are a set of 1-forms which come from the Cartan equation: 

F[e,u}=u a b AY,*(B a b ) k (314) 

we have 

2n5>£* = E*( B °a)* (315) 

In the case /i(V') = /^(VO = 1 we have the equation (311) which implies: 

(P-Po)*Q = J2(* E k) ( 316 ) 

k 

What happens if fi(i>),f2(ip) 7^ 1 ? Looking back at the Cartan equation 
(313) we see that only the trace of the Cartan equation is modified by the 
replacement: 

P(Q A *Q) - [^0/2^) + (/? - A))](Q A *Q) (317) 

(dQ A *dQ) -► fi(tp)(dQ A *dQ) 
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The traceless part of the Cartan equation is still: 

kD*(e a Ae b ) = F a b (318) 

By using the formulas of chapter 3 we can solve for the non-Riemannian 
part of the connection 1-forms. Using the observation we made after formula 
(194) we can say that X a f ) will have the same expression as a function of F a b 
as in the limiting case fi(ip) = /^(VO = 1- 

This implies that we can calculate the quantities E^, in particular we can 
say that the relation 

(0 - ft) *Q = £(*£*) (319) 

k 

is valid, so that the first of (313) reduces to: 

ad(fM*dQ) + / 2 (V0 Po*Q = (320) 

Since the algebraic dependence of X a b on the quantities F a i, is the same, we 
can say that the following equation holds: 

k AGc + t c [(3 - A,] + T c [F[e, to}} = (321) 

where r c [F[e, u]] denote the stress forms of the F[e, a;] term. 
The generalised Einstein equations then reduce to: 

kGc + fiWr c [a] + / 2 (^)r c [/?o] + r c [S] = (322) 

The extension of the isomorphism to the class of dilaton gravity theories 
represented by the action (309) is then proved. 

The result obtained can be extended to actions which are more general than 
(309). For instance we can conceive the introduction of terms like: 
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*(FA*F)(QA*Q) (323) 

In which F is frame independent. 

We will get a different trace of the Cartan equation, and the non-Riemannian 
field equations will be isomorphic to the Levi-Civita theory in which we have 
a term like: 

*(FA*F)(AA*A) (324) 

A being a 1-form. 

Despite these changes we still have the reduction which permits us to simplify 
the analysis of the non-Riemannian actions. 
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5 EXACT SOLUTIONS OF NON-RIEMANNIAN 
GRAVITY 



In this chapter we will use the results of chapter 3 and 4 to get some exact 
solutions of non-Riemannian theories of gravitation. 

After considering the axially symmetric Melvin solution and the time de- 
pendent Rosen solution, we will apply the results of the 4th chapter to the 
fascinating problem of finding black hole solutions for non-Riemannian ac- 
tions. At the end of this chapter we will present a class of black-hole Dilaton 
solutions with non-Riemannian connection, but to begin with let us start 
with the static Melvin solution: 



5.1 The axially symmetric static Melvin solution 

We will start the analysis of some exact solutions of non-Riemannian gravity 

by considering the Melvin solution, so called because it was first obtained by 

Melvin in the context of the Einstein-Maxwell axially symmetric solutions 

[30]. 

The action we are considering is very simple: 

f A[e, w] = f[kR *l + ^(dQA *dQ)] (325) 



with this action the connection variation gives the equation: 

D * (e a A e b ) = (326) 

and the equation: 

d * dQ = (327) 

while the coframe variation gives the Einstein Equations: 

(X 

kG a + -[dQ Ai a *dQ- i a dQ A *dQ] = (328) 

by using the case 3.3.1 considered in chapter 3 we can say that the non- 
Riemannian part of the connection has the following very simple expression: 

Kb = -^Qdab (329) 

and f c = 0, Q ab = 0, T = ^Q. 

Moreover the traceless part of the non-Riemannian connection vanish: 

Kb = (330) 

using formula (207) of the previous chapter we get that: 

G c = Gc (331) 

so in this case the generalised Einstein equations coincide with the Einstein- 
Maxwell equations. 
If we make the identification: 

A = Q (332) 

we can import solutions of the Einstein-Maxwell theory to the non-Riemannian 
case. 
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We consider a cylindrical coordinate system [t, r, <f), z\. 
The metric is written as: 

g = _e° <g> e° + e 1 <g> e 1 + e 2 <g> e 2 + e 3 <g> e 3 (333) 

with 

e° = yffdt (334) 

e 1 = yhdr 

T 

e 2 = -75 # 
v / 

e 3 = v^rfs; 

Where / and /i are functions of r. The non-metricity is: 

Q = p(r) d(p (335) 

Where (3 is a function of r. 

By solving the Einstein equations we get: 

h = Ci(l + C 2 r 2 ) 2 (336) 

/ = C 3 (1 + C 2 r 2 ) 2 

Where Ci, C2, C3 are constants. The solution for (3 is: 

" = -lir^h) (337 » 
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with C4 another constant. 

The constants which appear in the equations (336,337) are not unrelated but 

they must satisfy the constraint: 

C 2 C 3 Cl = lQka (338) 

5.2 The time dependent Rosen solution 

In this section we will consider an axially symmetric solution which is not 
static, the so called Rosen solution, obtained by Rosen in his studies of the 
symmetries of Einstein Maxwell equations [31]. 
We start from the action: 

f A[e, u] = f[kR*l + ^{dQA *dQ)\ (339) 

The variation of this action gives the same equations considered in the pre- 
vious section: 

D * (e a A e b ) = (340) 

d * dQ = 

o a 
k G c H — [dQ Ai c *dQ - i c dQ A *dQ] = 

where in the last equation use has been made of (331). 

We choose as coordinates [t, x, y, z\. The metric tensor is chosen like the 

previous section with: 

e° = f dt (341) 

e 1 = fidx 
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e 2 = f 2 dy 
e 3 = f 3 dz 

where fo, fi, f 2 , h are functions of t. 
The non metricity 1-form Q is: 

Q = Ci cos t dx + 2C 2 y dz (342) 

by solving the Einstein equations we verify that: 

d = -2Vkcosa (343) 

C 2 = 2— — sin a 

= 6ig(t) fa+t3 
(sin t) 2 
/i = sin t 

_ B(tf> 

h — —■ — t 
sm t 

B(t) b3 



f: 



3 



where: 



We have: 



sin t 

fc = f 

03 



fl(t) = ton[|] (344) 



d<5 = 2Vk cos a sin £ (dt A dx) + 2—— sin a (dy A dz) (345) 

so we can say that we have a "gravitoelectric" field associated with the non- 
metricity oscillating in the x direction against a constant "gravitomagnetic" 
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field in the same direction. 

In the previous solution we have three arbitrary constants b±, 62 (o r 63) and a. 



5.3 Non-Riemannian black hole with Dilaton 

In this paragraph and the next one, we want to consider the application of 
what we found in the previous chapter to exhibit some black-hole solutions 
with non-Riemannian connection and Dilaton field. 
To begin with consider the action: 

J A[e,uj,ifj] = j[kR*l+^e-W\dQA*dQ)+^(QA*Q)+^(TA*T)+^(di>A*di/j)] 

(346) 
The connection variation of the previous action gives: 



ad(e- 2 ^ *dQ) + [3*Q = ^ — ^ * T (347) 

2n 

kD * (e a A e b ) = 5 b a 7 * T + 7 e 6 A i a • T 

n 

The coframe variation gives the generalised Einstein equations: 



kG c + e-^r c [a] + t c [/3) + r c [S] + r c [ 7 ] = (348) 

The variation with respect to ip gives the equation: 

5d*dil) + ae- 2 ^(dQf\*dQ) = (349) 



The second of equations (347) coincides with eq. (179). By solving it we can 
write the same relation (183) between T and Q: 

T=[?—± %— ] (350) 

kn 2 (n— 2) 

If we require then the constraint: 

4n 2 (n - 2)(3k + (n - l) 2 (n - 2) 7 A; + 8(1 - 71)7/3 = (351) 

The first of equations (347) assumes the Maxwell-Dilaton form: 

ad[e~ 2 ^ * dQ) = (352) 

As seen in the previous chapter the cancellation which occurs in the gener- 
alised Einstein equations depends on the properties of the traceless part of 
the Cartan equation, then we can conclude using the results of section 4.5 
that the generalised Einstein equations reduce to: 

k G c +e~ 2 ^T c [a] + r c [S] = (353) 

We consider a spherically symmetric spacetime with metric (n=4): 

g = _ e ° ® e ° + e 1 <g> e 1 + e 2 ® e 2 + e 3 ® e 3 (354) 

e° = f(r)dt (355) 

e 1 = -jf^dr 
e 2 = R{r)d6 
e 3 = i?(r) sin rf0 
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Then using the results of ref. [32-34] we can write the solution for ip, Q, f(r), R(r) 
as: 

Q = —q cos 9 dtp (356) 



ff, = - 


■-Inih 


r 


R(r) 


= Jr{r 


-n) 


f = 


-f + 


abiq 2 
2kr\r 




6 = 


---4k 




T\ 


b 2 
6i 



The torsion 2-form is from (356, 184) and (1{ 



T a = ^-q cos 9(e a A d(p) (357) 

97 

The non metricity 1-forms can be calculated using the formula: 

Q ab = e a i b A x + e b i a A 1 - -g ab A x + -^-Q (358) 



with: 



A x = — j- cos 9 dtp (359) 



where use has been made of (184,192,356): Then if we satisfy the condition: 

2th <0 (360) 

we have a black hole horizon for: 

abiq 2 

r = 

2£ti 

Observe that when r — r\ the area with constant r goes to zero. 



85 



(361) 



5.4 Black Hole solutions with more general actions 

In the previous section we considered the action (346) which is just a partic- 
ular case of the class of actions which presents isomorphism with the reduced 
Einstein equations (353). 
We can consider a general action which can be written like: 

jA[e,w,i/)] = j[kRi.l+^e-^{dQ^dQ)+^{Q^Q)+ 5 -{d^^d^)+F{e^\\ 

(362) 
Where F[e, ui\ is a term depending on the variables e,u. 
Suppose that in the limit e~ 2 ^ — > 1 there is isomorphism with the theory 
described by the action: 

f r o a 5 

/ A[e,A,ip] = / k R*l + -(dA A*dA) + -(di/; A*dip) (363) 

and 

a d * dA = (364) 

Then we can obtain black-hole solutions for the equations obtained from the 
action (362) according to what follows. 

Using the results of section 4.5 we can say that if the isomorphism occurs in 
the limiting case e~ 2 ^ = 1 then the following equations have to be satisfied: 

ad(e~^*dQ) = (365) 

and 

k G c + e- 2 ^r c [a] + t c [S] = (366) 



where 



a 
Tc [a] = -\dQ Ai c *dQ- i c dQ A *dQ] (367) 

a 
T C [S] = — — [dip Ai c * dip + i c dip A -kdip] 



We can still use the ansatz (357,358), the torsion is: 

T a = M q C os 9 (e a A d</>) (368) 

97 

The non-metricity 1-forms Q a i> are given by the general expression (358) in 

which A\ will have to be calculated using the formula: 

A 1 = -(J2A k + A) (369) 

k 

Where A k and A are functions of the quantities T, Q, T c , Q, depending on 

which particular action is used (namely the term F[e, iv] in (362)). 

This concludes the chapter the aim of which has been to show examples 
of how we can use known results of Einstein-Maxwell theory and/or Dilaton 
theories to produce solution of a non-Riemannian theory of gravitation by 
means of the isomorphism properties considered in chapter 4. 

In the next Chapter we will consider the interesting problem of analysing 
the possible modifications of the Maxwell theory due to the introduction of 
a general non-Riemannian connection. 
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CHAPTER 6 



6 MODIFICATION OF THE MAXWELL THE- 
ORY IN NON-RIEMANNIAN GRAVITY 

In this chapter we discuss the interesting problem of analysing whether the 
Electromagnetic theory has to be modified in a non-Riemmannian space time. 
In a recent paper by Vandyck [35] a claim has been given about the non 
equivalence of the Electromagnetic theory in the formulation which uses the 
exterior differentiation and the one which uses covariant differentiation. 
This statement is an artificial one in the sense it deliberately ignores the 
fundamental principles of electromagnetism, like the conservation of electric 
and magnetic charge. 

If we start from these postulates there is one and only one possible Maxwell 
theory as shown by Hehl and others [36] . The only possible freedom is in the 
so called constitutive law which being dependent on the metric is somehow 
affected by possible coupling to non-Riemannian fields. After presenting how 
the conservation axioms do allow us to formulate a unique Maxwell theory, 
we use the formalism of chapter 2 and 3 to show some cases of modification 
of the constitutive law. 



6.1 Conservation axioms and Maxwell theory 

Consider a theory in which we have the electric current 3-form J . We assume 
that a (1 + 3) foliation of spacetime holds locally. We can label the different 
three dimensional hypersurfaces by the parameter r. 
We may write the decomposition of the current 3-form as: 

J = p -j Adr (370) 

where p is the charge density 3-form and j the electric current 2-form. 
The first axiom we assume is the conservation of the electric charge: 

J = f d,J = (371) 

av Jv 

with V an arbitrary volume and dV its boundary. 

If (371) is valid for any d then J is closed and hence locally: 

dG = J (372) 

The second axiom concerns the definition of the electromagnetic field strength 

F by the Lorentz force expression: 

f a = t a FAJ (373) 

where f a is the force-density 4-form. 
The 2-form F can be decomposed as: 

F = B + EAdr (374) 
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The Lorentz force expression yields an operational definition of the Electro- 
magnetic field F as a force field. 

In the previous definition no reference has been made to metric or connec- 
tions. 

We need now another postulate which is related to the conservation of the 
magnetic charge which can be written as: 



F= dF = (375) 

dV 3 JV 3 

from which we get: 

dF = (376) 

If we introduce a normal vector n such that i n dr = 1, we can then introduce 
the three dimensional exterior derivative: 

d = d-dri n A (377) 

so that we can write (376) as: 

dB = (378) 

dE + B = 

Equations (372) and (376) are the Maxwell equations. 

In this approach the general covariance is manifest, moreover the introduc- 
tion of a metric and a connection does not affect the structure of the previous 
equations. 

Therefore in this framework the Maxwell equations are the same in a Minkowskian, 
Riemannian or non-Riemannian spacetime. Any space time geometry is irrel- 
evant, in particular neither torsion nor non-metricity modifies the structure. 
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In spite of deformation of spacetime by means of gravity, the Maxwell equa- 
tions remain 'stable'. 

In his paper Vandyck claims that different theories may be obtained whether 

we use the covariant approach or the exterior one. 

In the covariant approach we write the Maxwell equations in the form: 

V a F ab = -47rj b 
V[ a F bc ]=0 

where the square bracket indicates the antisymmetrization with respect to 
the indices a, b, c. 

It is clear that the general covariant derivative will contain certain contribu- 
tions dependent on the torsion and the non-metricity. Those terms will in 
general violate the conservation of electric and magnetic charge. 
This violation does not occur if we start from equations (372, 376) since the 
exterior derivative may be defined independently on the connection. 
Equations (372) and (376) for G and F are un undetermined system of equa- 
tions. 

It is necessary to introduce another relation which relates F and G in order 
to reduce the number of independent variables: 

G = G(F) (379) 

this relation is called the Constitutive law. 

While in the Riemannian case G = *F in vacuo, we may contemplate modi- 
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fications to this relation in the presence of non-Riemannian fields. 
In the following we present two cases of modifications, the first one in which 
the modification of the constitutive law is due to the torsion of the spacetime, 
the second in which the non-metricity plays a role. 



6.2 Field equations with the term *(T C A e c ) A F A A 

Consider the theory obtained from the action {n — 4): 

S = f[k R*l + |(F A*F) - (3 * (T a A e a ) A (F A A)] (380) 

where T a denote the torsion two forms, A is the electromagnetic potential 
defined by: 

F = dA (381) 

If we define the axion field with the expression: 

d6 = *(T a A e a ) (382) 

we have 

d[9(F AA)} = d9AFAA + 6(FAF) (383) 

so that mod d: 

d6AFAA = -6(F A F) (384) 

this means that the theory described by the action (380) is equivalent to the 
theory described by the action: 

r a 

S= [kR*l + -{F A*F) + (36(F AF) (385) 
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this action in the literature is known as the 'Axion theory' [37-39]. 

By considering the connection variation of the action (380) we get: 

kD * (e a A e h ) = j3(e h A e a ) A *(F A A) (386) 

The coframe variation instead gives the generalised Einstein equations: 

OL 

kG c +-[FAi c *F-i c FA*F] (387) 

-P[i c (F A A) A *(T a A e a ) + (T a A e„) Ai c *(FAA) 
+X a c A e a A *(F AA) + T C A *(F A A)} = 

The variation with respect to A gives: 

ad*F + /3*(T a Ae a ) AF = (388) 

Let us now solve the Cartan equation for the non-metricity and torsion. 
We have: 

f\ = ^i c * i(e b A e a ) A *(F A A)] (389) 

In the following we define 7 = f • 

From the symmetry property f c b a = —fcab we get using formula (90) in 

chapter 3: 

Qab = (390) 

where Q a b denotes the traceless part of the non-metricity 1-forms. 
From the expression of f ca b we get: 

f ca c = (391) 

93 



then using relation (91) we find: 



T = -Q (392) 



To calculate the traceless part of the torsion we use formula (92) which in 
our case becomes: 

t = ^(e c A e a )f d ad + l -(e h A e a )f cba (393) 

Using (389) we obtain: 

f c = 7 * C (F A A) (394) 

so that 

T c = -fi c (FAA) + he c AT) (395) 

from which we get: 

• (T a A e a ) = 37 * (F A A) (396) 

so that the modified Maxwell equation can be written as: 

ad*F + 3(3~f *(F AA)AF = (397) 

The solution for the non-metricity and torsion can be written as: 

Qab = ^abQ (398) 

T a = 1 i a (FAA) + -{e a AT) 

Equations (376) and (397) give the modified Maxwell theory. 

Let us calculate now the non-Riemannian part of the connection 1-forms AV 

By using formula (23) and (398) and (392) we find: 

\ a h = li a i b (FAA)- l -5\Q (399) 

Z o 
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and its traceless part: 



\ a b = h a i b (FAA) (400) 



By using this expression we can calculate the non-Riemannian contribution 
to the Einstein 3-form AG C : 

AG C = X a d A X d b A *(e a A e b A e c ) = (401) 

9 

-\i a id(F A A) A i d i b (F A A) A -k(e a A e 6 A e c )] 



6.3 Field equations with the term *(Q A *Q)(F A F) 

In this section we want to consider another case of modification of the consti- 
tutive law due to the introduction in the action of the term *(QA*Q)(FAF). 
Consider the theory obtained from the action: 

S= f[k R*l + |(F A*F) + ]-(dQ A*dQ) + |* (Q A*Q)(F A F)} (402) 

The term *(Q A *Q)(F A F) can be written: 

9(F A F) (403) 

with 

9 = *(Q A *Q) (404) 

The coframe variation gives the Einstein equation: 

OL 

k G c + -[F A i c • F - i c F A *F] (405) 
95 



1 

+ -{dQ A i c * dQ - i c dQ A *dQ] - 
^[i c (F A F) A *(Q A *Q) + (Q A z c • Q + i c Q A *Q) A *(F A F)] = 

The connection variation gives the Cartan equation: 

kD*(e a Ae b ) = 25 b a ( 7 d* dQ + j3 *Q • (F A F)) (406) 

which is equivalent to the equations: 

fcD*(e a Ae 6 ) =0 (407) 

7d*dQ + / 3*Q*(FAF)=0 

The variation with respect to A gives the equation: 

ad*F + /3d[*(QA*Q)] AF = (408) 

Solving the first of equations (407) with respect to the non-metricity and 
torsion we have: 

Qab = ^9abQ (409) 

T a = -(e a AT) 
3 V ; 

The non-Riemannian part of the connection is: 

\ ab = -\g ab Q (4io) 

o 

using the previous relation we see that: 

G c = Gc (411) 
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From the second of equations (407) we can see that the Weyl field Q acquires 
mass due to the dynamical term *(F A F). 

In conclusion only the constitutive law can be modified by post-Riemannian 
structures. We presented two examples of such modifications. 
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7 CONCLUDING REMARKS 

In this thesis the remarkable property of cancellation which exists in the field 
equations of certain non-Riemannian models of gravitation has been revisited 
in order to generalise what obtained by Tucker, Wang and others few years 
ago [22,25,26]. 

In this work the relation between non-Riemannian gravity and General Rel- 
ativity is obtained presenting a step by step proof by hand valid for any 
dimension of the space time. The insight obtained by this proof is then used 
to extend the simplification property to certain models of scalar theories of 
gravity. The extended version of the theorem is applied to get some new 
black hole solutions with non-Riemannian connection as well as some solu- 
tions obtained simply importing the know solutions from the Riemannian- 
Einstein-Maxwell case. 

The step by step proof has been obtained by systematically studying certain 
particular solutions of the Cartan equation. This particular solutions have 
been used to obtain the relation for the non-Riemannian part of the connec- 
tion which has been used in the 4th chapter to verify the existence of the 
cancellation property in the field equations. 

A particular role in the models considered in this thesis is assumed by the 
Weyl form Q. It satisfies a differential equation which for the so called 
'Proca-type' theories is of the form: 

ad*dQ + (3*Q = (412) 
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Both the torsion two forms and the non-metricity 1-forms can be expressed 
in term of Q and certain algebraic expressions, containing contractions and 
products of coframe vectors. 

As stated a fundamental role in this work is assumed by the Cartan Equa- 
tion. 
From the Cartan equation we extract: 

1] The trace part which gives the above mentioned equation for Q. 

2] The traceless part which gives the non-Riemannian part of the connec- 
tion A a (, as a function of Q and the coframe vectors. 

The observation that the non-Riemannian part of the connection is given 
by the traceless part of the Cartan equation is significant. It means that if 
we introduce a 'diagonal' modification [] in the action like those represented 
by the expression (309), though we may modify the equation for Q the alge- 
braic expression for A a t, as a function of Q is still the same. 
This has far reaching consequences because the simplification which occurs 
in the generalised Einstein equations depends on the algebraic expression of 
\ a b as a function of Q. 

We have shown how this can be used to extend the isomorphism to other 
models of non-Riemannian gravity and applied to the task of finding black- 
hole Dilaton solutions with non-Riemannian connections. 



1 We mean terms in the action whose connection variation can be written as Co a b A S h ' a F 
where F is a n — 1 form 
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We have considered the effect of post-Riemannian structures on the Maxwell 
theory. The recent claim by Vandyck of different Maxwell theories depend- 
ing on whether exterior or covariant derivative approach is used, appears to 
be incorrect, since as shown by Hehl and others, if we do accept that the 
conservation laws are the base of the electromagnetic theory then only one 
theory is possible. 

Only the constitutive law being related to the metric can be affected by post- 
Riemannian structures of the space time. Using the results of chapter 2 and 
3, two cases have been considered of such a modification. 
In appendix B we have obtained the expression of the autoparallels for the 
case of the Proca-type theories. 
In conclusion the achievements of the present work have been: 

• A systematic study and a classification of certain solutions of the Car- 
tan equation. 

• The extension of the cancellation property of the field equations of the 
Proca type models of non-Riemannian gravity to the general n dimensional 
case. 

• The study of the generalised field equations in the conformal case. 

• The proof of the cancellation property for a class of Scalar theories of 
gravity. 
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• New solutions to the generalised field equations, in particular a class of 
black-hole solutions with non-Riemannian connections. 

• The study of some examples of modification of the constitutive law in elec- 
tromagnetic theory in the non-Riemannian case. 

• The calculation of the autoparallels in the Proca-type case. 
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8 APPENDICES 



APPENDIX A 



NO-HAIR THEOREM FOR 
SPHERICAL SCALAR BLACK HOLES 



8.1 Riemannian case 

In this appendix we want to outline a result concerning the impossibility 
of finding black-hole solutions with scalar fields in a spherical symmetric 
case, we will outline the Riemannian case first, then we will discuss why 
the theorem recently formulated by Banerjee and Sen [40] in general is not 
applicable in non- Riemannian gravity. 

We will follow the notation used in Ref [40] . Consider a general scalar tensor 
theory of gravity coupled to a Maxwell field: 

S[g^ i>, F^] = j[f^)R - h(ij)g^^ ~ F, u F^]V=gd 4 x (413) 

where g^, ip and F^ v are the metric tensor, the scalar field, and the Maxwell 
tensor field respectively (n — 4). 

As a result of the non-minimal coupling of the scalar field to gravity the 
Newtonian constant G becomes a function of ip. The previous action reduces 
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to Brans-Dicke theory [41] for f(ip) = ip and h(ip) = % with u> constant 
parameter. When f(tjj) = 1 — \ip 2 an d h(ip) = | we get the conformally 
coupled scalar field of Bekenstein [42]. 

The study of the general action (413) is in general quite difficult but is 
possible to reduce the study of (413) to a simpler action by considering the 
conformal mapping: 

9flu -> n 2 9va , (414) 

that is by defining the new metric: 

V = &9p, (415) 

The function Q 2 has to be chosen as: 

n 2 = /(vo (416) 

The Ricci scalar transforms as: 

R= tt 2 R + 6ft -1 Aft (417) 

The scalar field is redefined as: 



JljJO 

so that the action (413) reduces to: 



3 ( | ta/K))2 + M| m 



S [V> ^ *Vl = J[R -\ V tA» - F }y-9d 4 x (419) 



where F 2 = F^F^ 



We have used the fact for (n = 4) 



- g F 2 = \/-gF (420) 
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The field equations of action (413) become: 

1 _ -' a - _a/3 _ _ -| _ _ _a/3 



G^u = 4>,^,u - ^ V ^ V>,a - 9 Fa^Fau + ~;G„vF a pF (421) 



_fXU 

(F );„=0 

The solution for this set of equations had been given by Penney [27] . In 
the case of a static spherically symmetric spacetime the line element can be 
written as: 

ds 2 = -e'dt 2 + e a dr 2 + e\dQ 2 + sin 2 ^ 2 ) (422) 

We can choose a coordinate system in which: 

a + 7= (423) 

In such a way the solution is: 

7. ^ v A/ x a r b(r — a) A — a(r — 6) A n9 
e Q = e - 7 = ( r _a)- A (r-6)- A [- y- ^ — ] (424) 



e f) = (r- o) 1_A (r - 6) 



(6 -a) 

l-ArK r — a ) A ~~ a ( r ~~ fr) 
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— ^ ^ — ^ /l — A r — t& 

i J = T ln 7 = \ o /n ( r) 

a — b r — b V 2 r — o 

and 

Fm = qe"" (425) 

The constants A, a, 6, c are related by the equations: 

2A 2 a6 = q 2 (426) 

a + b = 2m 
A 2 c 2 = (l-A 2 )(2A 2 m 2 -g 2 ) 
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q and m are recognised to be the total charge and mass of the static sphere, 

c is an integration constant related to the scalar charge. The constant A has 

to take values between and 1 ( to have a real scalar field). 

For A = 1, c = and the scalar field becomes trivial and the metric goes into 

the usual Reissner- Nordstrom (RN) solution [43-44]. 

The curvature scalar for the line element (422) is calculated to be: 

(o - b) 2 (1-A 2 ) 

2(r - a) 2 ~ A {r - b) 2 ~ A [b(r - a) A - a{r - b) A ] 2 ^ ' 

From this expression we can see that the solution is asymptotically flat. 

We can see that the metric components are singular for r = a and r = b, 
moreover the previous expression for R shows that the scalar curvature blows 
up if A ^ 1, so we get physical singularities. 

On the other hand if A = 1 the scalar field becomes trivial and for these 
surfaces we get: 

R = (428) 

and the line element reduces to the Reissner-Nordstrom one. 

The conclusion is that if we have a scalar field the only possible solution in 

a spherically symmetric space-time is the RN black-hole. 

Using the mappings (415) and (416) we can move from the action (419) to 

the more general one (413), the conclusion is that in a spherically symmetric 

space-time it is NOT possible to have a non trivial scalar field. 



105 



8.2 Non-Riemannian case 

Can we generalise this result to non-Riemannian gravity ? 

The answer in general is no. Because if we use relation (34) we can write the 

scalar curvature in general as: 

R=R+ i a ic{b X ca + X c d A \ da ) (429) 

so in general in the total curvature we have extra terms which are not affected 
by the metric scaling so that the proof of the previous paragraph cannot be 
extended to non-Riemannian gravity. 

The situation is even worse if we try to apply the isomorphism between 
Einstein-Maxwell system and non-Riemannian theories to the case in which 
F A -kF is replaced by: 

dQ A *dQ (430) 

because in general if we perform the transformation g^ — > Q 2 g^ u we get since 

Qab = Dg a b 

Q ab ^d(n 2 )g ab + n 2 Q ab (431) 



or 



so that: 



Q -> nd(n 2 ) + tt 2 Q (432) 



dQ -> d(Q 2 )Q + Q 2 dQ (433) 



That would mean the appearance of Proca related terms in the action which 
are in general very difficult to treat. 
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So the problem of establishing a theorem (if any) of scalar no-hair for non- 
Riemannian gravity is not simple, and further investigations will have to 
address these questions. 

Let us observe that the theorem formulated in section 8.1 cannot be applied 
to what was considered in sections 4.5, 5.3, 5.4, because in those cases we 
have the Dilaton field directly coupled to the Electromagnetic field and/or 
to dQ through terms like h(ip)(F A *F). 

In general, these cases which occur in Dilaton gravity escape the no-hair the- 
orem, since it is not possible to remove the couplings between the scalar field 
ip and F by using the transformations (415,418). 
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APPENDIX B 

AUTOPARALLELS IN NON-RIEMANNIAN 

GRAVITY 

8.3 Autoparallels in non-Riemannian gravity 

In this appendix we want to obtain a general expression for the autoparallels 
in non-Riemannian gravity. 

Consider a generic curve C with tangent vector C, we say that it is autopar- 
allels (of V) if it satisfies: 

V d C = (434) 

o 

This condition coincides with V^C = in Riemannian gravity, but in general 
if the connection is non-Riemannian the two expressions will differ. 
From relation (14) and (16) we get: 

VcC - VcC = \(C, C, -) (435) 

X a b (C) = X(C,X b ,e a ) 

We write the tangent vector as: 

C = C a X a (436) 

where X a are a set of frame vectors. 
The condition (434) gives: 

e a {V d C) = -^ a d(C)C d (437) 
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Using the expression (23) we find: 

o • C d 

e a [VcC] = — —\% a Td - i a T a - % a ibT c e c - (i d Q ac - i a Qdc)e c - Q a d] (438) 

or 

VcC = -^[i a T d - i a T a - i a i b T c e c - {i d Q ac - i a Q dc )e c - Q ad ]X a (439) 

So as a result of the non-Riemannian connection 'forces' appear related to 

the torsion and the non-metricity of the spacetime. 

In the next section we will consider the autoparallels in the 'Proca-type' case. 



8.4 Autoparallels in the Proca-type case 

We want now to calculate the autoparallels in the case in which we consider 
Proca-type theories. 

In this case we can use the expression (189) for the non-Riemannian part of 
the connection 

W = 7 ^le a Ai b (A 3 + 2A 1 -A 2 ) + e b Ai a (A 2 -(2 + 2n)A 1 -A 3 ) + S a b (2A 1 -A 2 )] 

(440) 
where 

M^T (441) 

A 2 = Q 

A l = -(A + J2A k ) 
k 

109 



Substituting expression (440) in relation (437) we get after a simple calcula- 
tion: 

VcC = ^[C(A 3 C) + ^C(A 1 C) - 2C(A 2 C) + (C) 2 (A 2 -(2 + 2n) A, - A 3 )} 

(442) 
where the products like A%C indicate A 3 {C). A is a vector defined by: 

A= A a X a (443) 

for a generic 1-form A = A a e a . 

Let us consider the application of relation (442) to the case considered in 

section 4.1, in that case we have: 

A x = \T (444) 

nk 

A 2 = Q= ^ 1 - n) T 

A 3 = T 

6 2n 



so that: 



where 



V d C = 7^{C(A 4 C) + (C) 2 A 5 \ (445) 



A 4 = A 3 + AA 1 - 2A 2 = ^—[(n - l)k0 + 8 7/ 9 - 2 7 /c(l - n)} (446) 

A = 2^[7^(1 - n) - 4(1 + nft/3 - k(3{n - 1)] 

We can ask if by choosing in a proper way the constants we can satisfy the 
condition: 

V d C = (447) 
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for a generic curve C, that is we can eliminate the non-Riemannian forces, 
to this aim we need: 

[(n-l)kp + &yP-2'yk(l-n)]=0 (448) 

[7fc(l - n) - 4(1 + n)7/3 - fc/?(n - 1)] = 

The only non trivial solution of this system is given by: 
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k = k (449) 

lk(n- 1) 



ri 



It is easy to see that this solution does not satisfy the condition (186). 
The case of massive Weyl field is quite analogous with (3 being replaced by 
/3 — Po and (186) being replaced by (224). 
So we conclude that it is not possible by a suitable choice of the constants 

o 

to satisfy the condition V^C = for any curve C. 
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APPENDIX C 

DIFFERENTIAL GEOMETRY AND 
EXTERIOR CALCULUS 



8.5 Differential Geometry and exterior calculus 

In this appendix we review some basic definitions of differential geometry in 
the exterior calculus formulation. 

We start from the concept of metric; in the usual formalism we write the 
interval in the form: 

ds 2 = g^dx^dx" (450) 

The metric tensor g is defined by: 

9 = g^dx^ 1 <g> dx v (451) 

If the metric is diagonal we have: 

g = g^dx^ <g> dx^ (452) 

which can be rewritten as: 

9 = e a <g> e a (453) 

where the coframe is defined as: 

e a = V^~adx a (454) 
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The dual frame vectors X\, are defined by: 

e a (X b ) = 8\ (455) 

The previous relation defines an orthonormal frame system. If we consider 
such a frame the calculations may be greatly simplified. 
One the most used concepts is the one of exterior multiplication A. To define 
the wedge product consider first its effect on the coframe vectors: 

e ai Ae a2 A Ae a " (456) 

If we consider a generic permutation of the above I get the same expression 
multiplied by a factor (— l) p where p indicates the number of transpositions 

with respect to the permutation ai,a 2 , a n . 

A generic p form is defined by: 

^ = \ ^ 2 .../3 p e ft A e* A A e* (457) 

p\ 

The exterior multiplication satisfies the distributive and the associative prop- 
erty and for two generic forms we have: 

$An = (-l) M (nA$) (458) 

where $ and II are a q form and a p form respectively. 

By using the duality e a (X&) = S a b we can define the contraction operator % 

also called interior multiplication: 

i b e a = 5\ (459) 

which satisfies the property: 

i 6 ($ a #) = 2 6 $ A ^ + (-l) p $ A i h m (460) 

113 



where $ and \& are a p and a g form respectively. 
The following properties follow from the definition: 

i a i h A = -i b i a A (461) 

pA = e a Ai a A 

for any generic p form A. 

The exterior derivative d maps a p-form into a (p + 1) form. Its effects 
is basically to calculate the derivatives with respect to the variables and 
then wedge multiplying by the differentials of the coordinate. For example 
considering a generic function f(x,y, z) we have: 

df = dxA f x (x, y, z) + dyA f y (x, y, z) + dz A f z (x, y, z) (462) 

Analogously for any form p-form a. 
From the definition it follows that: 

d(d(V)) = (463) 

d(a A (3) = da A (3 + (-l) p a A d[3 

where p is the degree of a. 

The Hodge star operation * associated with a generic metric is defined by its 
effect on the coframe vectors as: 

* (e 1 A e 2 A .... A e p ) = i p i v ~ l i 1 * 1 (464) 

where *1 is the volume form ui = e 1 A e 2 A Ae". It satisfies the property: 

a A */3 = P A *a (465) 
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for any two p-forms a and f3. 

The metric dual of a vector X is defined by: 

X(Y)=g(X,Y) (466) 

It then follows the important relation: 

* (4> A e a ) = i a • (f> (467) 

for any form <fi. 

Another important object which is very often used to simplify the notations 
in the frame independent approach is the covariant exterior derivative, in 
order to define that, we need the notion of linear connection. If we consider 
an arbitrary local basis of vector fields the most general connection can be 
specified by writing: 

V Xa X b = A c b (X a )X c (468) 

where A c b are a set of n 2 1-forms in an n dimensional manifold. The previous 
one can be rewritten as: 

V Xa X b = T c ab X c (469) 

Where T c ab are the generalised Christoffel symbols. 
The linear connection satisfies the properties: 

V f x +9 YZ = fV x Z + gVyZ (470) 

V x (fY + gZ) = X(f)Y + X(g)Z + fV x Y + gV X Z 

where X, Y, Z are vectors and /, g are 0-forms (scalar functions) and X(f) = 
df(X) = V x f 
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The covariant exterior derivative is defined as follows: 
If we have a form S a with one upper index we write: 

DS a = dS a + A a c A S c (471) 

with two indices it is written: 

DS ab = dS ab + A a c A S^ + A b c A S ac (472) 

Analogously the case for a generic number of upper indices. 
If we have one lower index the D operator can be written: 

DS a = dS a - A c a A S c (473) 

and with two indices: 

DS ah = dS ab - A c a A S ch - A c b A S ac (474) 

Analogously for a general number of lower indices. 

The case of the mixed tensor is obtained using the latter two particular cases. 

It is obvious that if we apply Dtoa form without indices then D = d. 

Examples: 

The formula: 

T a = de a + A\ A e b (475) 

can be rewritten as: 

T a = De a (476) 
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The connection operator applied to a 0-forms is equivalent to the directional 
derivative Vxf = X(f), so we may write since g(Y, Z) is a 0-form: 

X(g(Y, Z)) = (Vxg)(y, Z) + g(Vx^, Z) + g(Y, VxZ) (477) 

If X = X c , Y = X a , Z = X5 and defining the non-metricity forms as: 

Q ab (X c ) = (V Xc g)(X a ,X b ) (478) 

we get: 

X c (g(X a , X b )) = Q ab (X c ) + A 6a (X c ) + A ab (X c ) = dg ab (X c ) (479) 

since g(X a ,X b ) = g ab . 

Considering the case of the metric theory we get since Q ab = 0: 

dg ab (X c ) = (n ab + n ba )(X e ) (480) 

or: 

dg ab = (^ab + ^ba) (481) 

where Q ab is the Riemannian connection. 
The remaining term gives: 

Qab = ~{Xab + Xba) (482) 

We can write: 

Qab = -(Kb + A&a) + (tt ab + tt ba ) = -(Aaj, + A ba ) + dg ab = (483) 

dgab - A c a # cfe - A c b g ac = Dg ab 
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Analogously: 

Q ab = -Dg ab (484) 

For the definition and properties of Lie derivatives C see for example [44]. 

To conclude we want to present an example of transition from the frame 
independent approach to the traditional component notation. 
The stress 3-form in the electromagnetic theory is given by: 

T a = ^[i a F^*F-i a *FAF] (485) 

The relation between the stress 3-forms and the components of the second 
rank stress tensor is: 

T ab = (*T a )(X b ) (486) 

The electromagnetic two forms is written as: 

F = ^F ab e a Ae b (487) 

Then using the properties of the * operation, the interior multiplication i a 
and the wedge product we get the well known expression: 

T ab = - [F ac F c b + - A g ab F cd F cd ] (488) 
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